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In this note we show with an analytical counterexample that the expected delay cost
for a G/G/1 queue is not necessarily convex in the arrival rate as sometimes claimed
in the literature. We can prove, however, that the total expected delay cost rate is
convex in the arrival rate. This cost rate is often of interest when designing queueing
systems.

Subject Classifications:

Mathematics: Convexity. This note shows that the expected delay cost in single
server queues is not necessarily convex in the arrival rate as often assumed. However,
the expected delay cost rate is shown to be convex in the arrival rate.

Queues: Optimization. This note explores convexity properties of expected delay
cost in single server queueing systems, which are important when optimizing their
design.

Area of review: Manufacturing, Service, and Supply Chain Operations



1 Introduction

In designing queueing systems it is often of interest to determine whether an objective

function is convex or not. For example, many problems in the congestion pricing

literature (see, e.g., Dewan and Mendelson (1990) and Stidham (1992) and papers

cited within) have the expected delay cost as a part of the objective function and their

solutions depend on this cost being convex. A result often cited in that area of research

is the one of Weber (1983) on the convexity of the expected delay cost with respect to

the service rate, µ. It states that if a delay cost function g(t) is convex nondecreasing

then the expected delay cost G(λ, µ) = E[g(W (λ, µ))] (where W (λ, µ) is the random

total system time) is convex nonincreasing in the service rate, µ. Based on that result,

it might be intuitive to conclude that the expected delay cost, G(λ, µ), is also convex

nondecreasing in the arrival rate, λ, as several authors (e.g., Dewan and Mendelson

(1990) and Stidham (1992)) have stated.

In this note we show that G(λ, µ) is not necessarily convex in λ. We point out

where Weber’s approach breaks down in the case of convexity with respect to λ and

give a counterexample of a queueing system where G(λ, µ) is not convex in λ even if

g(t) is convex nondecreasing. However, in many cases, e.g., in Dewan and Mendelson

(1990), Stidham (1992) and Fridgeirsdottir and Chiu (2003), the function of interest is

the total expected delay cost rate, λG(λ, µ), which we show is convex in λ.

2 Lack of Convexity

It is tempting to extend the results of Weber (1983), on the convexity of G(λ, µ) in µ,

to the convexity of G(λ, µ) in λ. It can be analytically shown that G(λ, µ) is indeed

convex in λ for an M/M/1 and an M/G/1 queueing system, but it is not extendable

to an arbitrary G/G/1 queue as we will show later.
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Before exploring the lack of convexity let us understand how the structure of the

G/G/1 system needs to be defined in order to examine sensitivity issues such as system

“rates” change. In an M/M/1 queue, the system performance is fully controlled by

the arrival and service rates. However, in the case of a G/G/1 queue, the service and

arrival processes are usually not completely specified by their respective rates. In order

to examine how a G/G/1 system changes with the arrival rate and the service rate,

a scaling method is used to parameterize the service and arrival process of a G/G/1

queue, to be formalized next.

We parameterize the service and arrival process in a similar manner as in Stidham

(1992) and Weber (1983). We consider independent service times, X, with a general

distribution denoted by FX . Based on FX we define a family of service time distrib-

utions by scaling the service time X with µ: Sµ = X/µ. We set E[X] = 1 in order

to have E[Sµ] = 1/µ. The distribution of Sµ is then FSµ(s) = P (Sµ ≤ s) = P (X ≤
sµ) = FX(sµ). We note that this problem formulation limits the selection of service

time distributions and while the expected service time is scaled by µ, higher moments

are also scaled by µ. One can similarly parameterize the arrival process.

Let us further establish the queueing system, being parameterized in both λ and µ,

to examine where Weber’s argument does not apply when G(λ, µ) is considered as a

function of λ. We assume that the system is empty on the arrival of the first customer.

Denote the interarrival time between customer n− 1 and n as yn/λ. The service time

for customer n is denoted as sn = xn/µ for customer n. Define qn(λ, µ) as the queueing

time for customer n and wn(λ, µ) as the total system time experienced by the same

customer. The following recursion is evident, as similarly modeled in Weber (1983).

q1(λ, µ) = 0 w1(λ, µ) = x1/µ

qn(λ, µ) = max{0, wn−1(λ, µ)− yn/λ}
wn(λ, µ) = xn/µ+ qn(λ, µ)
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Weber uses an inductive argument to show that the system time for customer n is

convex nonincreasing in µ. When we view this problem as a function of λ with a fixed

µ, the inductive argument fails because the maximum operator defining qn(λ, µ) does

not preserve convexity in λ: the function wn−1(λ, µ) − yn/λ is not necessarily convex

in λ. In fact, the term −yn/λ is concave in λ.

In the following example, we illustrate that the expected system time is not neces-

sarily convex in λ. In Harel (1990) a simulation based example is provided to illustrate

the same issue. Here we give an analytical example.

Example 1 A G/M/1 queue with Bernoulli interarrival times. Let us define

Y as a Bernoulli random variable in the following way, 0 < p < 1:

Y =

 r > 0, with probability p

s > 0, with probability 1− p

The family of parameterized interarrival times is defined as T λ = Y/λ. The independent

service time for each customer is an exponential random variable with rate µ. The

expected system time is shown to be (e.g., see Kleinrock (1975)):

E[W (λ)] =
σ

µ(1− σ)
+
1

µ

where σ is the solution to σ = pe−µ(1−σ)r/λ + (1 − p)e
−µ(1−σ)s/λ

such that 0 < σ < 1.

We have highlighted the dependence of the system time on λ, by using the notation

E[W (λ)]. Figure 1 shows E[W (λ)] as a function of λ, which clearly illustrates its

nonconvexity. This example assumes p = 0.2, r = 0.04, s = 1.24 and µ = 10.

Other G/M/1 queueing systems have been identified to possess the same charac-

teristics.
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G/M/1 Example: Expected System Time vs the Arrival Rate

Figure 1: Expected system time for a G/M/1 queue with Bernoulli arrivals

3 Convexity

In many queueing system designs the objective function often contains the term λG(λ, µ),

which measures the total expected delay cost rate (see, e.g., in Dewan and Mendelson

(1990) and Stidham (1992)). Using similar convexity arguments as in Weber (1983)

we can see that the expected number of jobs in the system, L(λ, µ) = λE[W (λ, µ)] is

a function of ρ = λ/µ and is convex in ρ and thus in λ as well. Fortunately, the total

expected delay cost rate, λG(λ, µ) is also convex in λ, which will be proved next.

Proposition 1 In a G/G/1 queue, if g(t) is convex nondecreasing then λG(λ, µ) =

λE [g (W (λ, µ))] is convex nondecreasing in λ.

Proof. Using a similar approach as in Weber (1983), we can show that G(λ, µ) is

convex nonincreasing in 1
λ
(see also Theorem 5.1 in Shaked and Shanthikumar (1988)).
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Since G(λ, µ) is nonincreasing in 1
λ
, we can easily conclude that λG(λ, µ) is nonde-

creasing in λ. To show convexity of λG(λ, µ) in λ, we first define a new function

f
¡
1
λ

¢
= G(λ, µ) and note that f (x) is convex in x since G(λ, µ) is convex in 1

λ
. We

will only examine the range of 0 < λ < µ by the context of our problem. We will now

prove the convexity of λf
¡
1
λ

¢
by contradiction. Suppose that λf

¡
1
λ

¢
is not convex in

λ, implying the existence of λ1, λ2 and 0 < a < 1 such that

(αλ1 + (1− α)λ2)f

µ
1

αλ1 + (1− α)λ2

¶
> αλ1f(

1

λ1
) + (1− α)λ2f(

1

λ2
)

Dividing both sides by αλ1 + (1 − α)λ2 will preserve the direction of the inequality

since αλ1 + (1− α)λ2 > 0:

f

µ
1

αλ1 + (1− α)λ2

¶
>

αλ1
αλ1 + (1− α)λ2

f(
1

λ1
) +

(1− α)λ2
αλ1 + (1− α)λ2

f(
1

λ2
)

We define β = αλ1
αλ1+(1−α)λ2 and notice that 0 < β < 1. Furthermore, we can see after

some simple algebra that 1
αλ1+(1−α)λ2 = β 1

λ1
+ (1 − β) 1

λ2
. Hence, we can write the

inequality above as:

f

µ
β
1

λ1
+ (1− β)

1

λ2

¶
> β · f( 1

λ1
) + (1− β) · f( 1

λ2
)

which contradicts the fact that f(x) is convex. Therefore, we have proved that λf
¡
1
λ

¢
is convex.

If we can assume differentiability, a proof for the convexity of λG(λ, µ) follows by

differentiating the function twice.

The total expected delay cost rate, λG(λ, µ), is frequently a part of the objective

function in congestion pricing problems as, e.g., in Dewan and Mendelson (1990) and

Stidham (1992). Therefore, the analytical conclusions reached in those papers are still

valid despite the erroneous assertion of the convexity of G(λ, µ) in λ.
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4 Conclusion

In this note we have analyzed the expected delay cost, G(λ, µ) = E [g (W (λ, µ))], of a

G/G/1 system. We have shown with a counterexample that the expected delay cost is

not necessarily convex in the arrival rate, λ, for all single server queues as sometimes

stated in the literature. However, we showed that the total expected delay cost rate,

λG(λ, µ), is convex in λ, which is more often the function of interest when designing

queueing systems.
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