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Managing customer demand can be challenging for a facility that services delay-sensitive

customers. Attracting a high level of demand will result in long delays, which discourage

customers to request service. However, low demand means little profitability for the service

facility. Pricing is a known way to effectively manage demand. We determine the optimal

pricing strategy for the service facility that encourages the right level of demand and define

the characteristics of the customer base that ensure optimality. We expand the pricing

model to incorporate different decision-making criteria of customers, which capture their

risk preferences and lack of rationality in their behavior. Marketing is another well known

approach to manage demand. The service facility has the opportunity to invest in marketing

efforts to reach out to more customers and thus expand its customer base. We study how

the optimal pricing strategy changes when marketing efforts are employed and notice that

operational measures such as service variability play an important role in determining optimal

marketing spendings.

Key words : demand management; optimal pricing; queueing systems; optimal marketing

spendings; convexity.



1 Introduction

In today’s economy, time-to-market is one of the most important components of competi-

tiveness1. Increasingly, companies competing in delay-sensitive markets require the facilities

from which they buy service (or products) to be time responsive. Hence, it has become crucial

for the facilities to respond to these needs and incorporate their customers’ delay sensitivity

when determining efficient demand management strategies.

The motivation for our research comes from a design house in the semiconductor industry.

A design house is a service facility that designs chips and other high-tech components for

its customers. The customers are often extremely delay-sensitive since they need to get

the components for their products as fast as possible in order to stay competitive in the

high-tech market. From our interactions with the design house, we noticed that they are

struggling with the following decisions: How many design requests should be accepted into

the design house and with what frequency? Is the design house being overloaded? Should

the capacity be increased? How should the services be priced in order to attract the right

number of customers into the facilities? Should the customer base be expanded by investing

in marketing efforts to reach out to more customers? A companion paper addresses the first

three questions. Here we will be focusing on the last two, on pricing and marketing.

Even though the motivation of our problem comes from a design house in the high-tech

industry, our models can be applied equally to a general service facility that deals with delay-

sensitive customers. We will keep our terminology applicable to a general service facility for

the rest of the paper.

The objective of this paper is to determine optimal demand management approaches for

a profit maximizing service facility. The service facility is interested in attracting as many

customers as possible to generate high profits. However, the customers are sensitive to delays

and will not request service if the delays in the facility are too long. In fact, they only request

service if their overall benefit from the service is positive. Their benefit is based on their value

1On the importance of time responsiveness and time-to-market see, e.g., Stalk Stalk (1988), Bower and

Hout Bower and Hout (1988), Stalk and Hout Stalk and Hout (1990) and Michaels (2000).
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for the service, the price they pay for the service and the expected delay cost. We first focus

on determining the optimal price that generates the right level of demand without customers

incurring long delays, with the objective of maximizing the profit of the service facility. The

framework on which we build our basic pricing model was first introduced by Mendelson

(1985). In order to capture delays caused by competition of tasks for scarce resources the

service facility is modeled as a G/G/1 queue.

In reality customers might not base their decision on whether to request service on only

the positive-benefits criteria. Many other factors that are difficult to capture with models

might play an important role. We enhance our basic pricing model to incorporate the overall

impact of these factors. After focusing on pricing as a demand management approach we

include marketing efforts as an additional way to manage demand. The service facility can

invest in marketing efforts to reach out to more customers and thus expand its customer base.

We study how the optimal pricing strategy changes when marketing efforts are employed

and notice that operational measures such as service variability play an important role in

determining optimal marketing spendings.

Our main contributions are threefold; i) we determine sufficient conditions to ensure a

tractable revenue function, ii) we enhance the customers’ choice process to incorporate risk

preferences and lack of rational behavior, iii) we consider optimal marketing spendings jointly

with pricing and analyze how operations and marketing decisions interact.

The paper is structured as follows: In the next section we study the different streams

in the literature related to our research problem. In Section 3 we present the basic pricing

model for homogeneous customers. In Section 4 probabilistic decision making of customers

is modeled and incorporated into the pricing model. Section 5 investigates the optimal

marketing investment. In Section 6 we analyze how our models can be expanded to include

multiple customer types. Finally, the conclusion follows in Section 7.
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2 Literature Overview

The motivation for this research comes from an interaction with a design house, a facility de-

signing products or components for customers. The topic of product development is receiving

more and more attention in the management science literature (see a special Management

Science issue in January 2001 with a survey and a variety of topics related to product de-

velopment.) We use queueing models to capture the delay in the design house (or a service

facility) caused by sharing of scarce resources. By choosing this approach the design house is

being considered as a design factory. Hence, the design house is modeled as a manufacturing

factory by adopting its economic goals, the process approach, and the congestion effects.

Reinertsen (1997) motivates this approach in his book and proposes some tools useful for

practitioners when they approach their product development practices using the design fac-

tory approach. The only paper, to our knowledge, with such a modeling approach is by Adler

et al. (1995).

Besides the link to product development, we have identified several topics in the area of

congestion pricing, Internet pricing, and marketing that are related to our research problem.

The congestion pricing literature can be traced back to a paper by Naor (1969), in which he

addresses pricing for customers that arrive to a queueing system and are sensitive to delay. He

considers both social optimization (maximization of the total value in the system) and revenue

maximization (maximization of the revenues generated from customer payments). The work

of Naor has been extended by several authors, for example, Lippman and Stidham (1977),

Mendelson and Yechiali (1981), and Edelson and Hildebrand (1975). The queueing-based

pricing framework on which the basic pricing problem in this paper is constructed was first

introduced by Mendelson (1985). Dewan and Mendelson (1990) enhance this framework and

further conceptualize the decision-making mechanism of the customer. Stidham (1992) solves

the constrained problem of Dewan and Mendelson, which they assume to have an interior

solution. Furthermore, Stidham shows how joint pricing and capacity decision making can

lead to multiple solutions of the first-order conditions because the objective function is not

necessarily concave.
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Table 1: Comparison of papers on congestion pricing for service facilities

Incentive issues often arise in congestion pricing as a consequence of individual versus

total-value optimization. Incentive-compatible pricing in queueing-based pricing frameworks

have been studied by Mendelson and Whang (1990), Ha (1998), Lederer and Li (1997), and

others. Furthermore, there are several authors that have incorporated competitiveness, for

example, Afèche (2004), Lederer and Li (1997), Li (1994), and Loch (1991). In Table 1 a

few papers, in the congestion pricing literature stream related to our research, are listed and

compared along several dimensions.

The literature related to pricing in congestible networks such as telecommunication net-
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works and the Internet, has some commonalities with the research in this paper. In that

literature stream the nodes of the network are not necessarily assumed to be queueing servers

but, rather, each node is modeled at a higher level as a resource for the network. Some of the

papers in this stream include delay sensitivity of customers, see for example Kelly (2000) and

Stidham (2004). The papers by Kelly (and references therein) on congestion management in

networks provide a good exposition for this literature stream, see for example, Kelly (1997).

As mentioned earlier marketing will also be considered in this paper as a way to manage

demand. Furthermore, we will explore how operations and marketing decisions interact. In

fact, coordination of operations and marketing has been receiving increasing attention in the

literature (see a specialManagement Science issue in April 2004 on marketing and operations

management interfaces and coordination.) The marketing literature is very extensive. A good

overview of quantitative marketing models that capture uncertainty can be found in Ngyen

(1997) and in Jagpal (1999). However, the literature on the queueing-based marketing model

is very limited. The only paper found on this subject, is by Van Ackere and Ninios (1993).

They develop a queueing-based simulation model that determines numerically the optimal

advertising for a profit-maximizing service facility.

3 Basic Pricing Model

The service facility is interested in attracting the demand level that maximizes its profit. We

will first focus on pricing as a way to manage the demand. The setup of the pricing model is

similar to the one in Stidham (1992) but the objective function will be different. Potential

customers approach the service facility with an arrival rate Λ (the customer base). A portion

of them, with rate λ ≤ Λ, will decide to enter the facility if their net benefits are nonnegative

(a definition of net benefits is provided later). The service facility is assumed to operate as

a G/G/1 queue. The interarrival times of customers are i.i.d. with a general distribution

function of mean 1/λ and the service times are i.i.d., with a general distribution function of

mean 1/μ. Here λ and μ are scale parameters such that the interarrival times are distributed

as X/λ, where X is a random variable with a unit mean, and the service times are distributed
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as Y/μ, where Y is a random variable with a unit mean.

The customers that approach the service facility have two options; they can request

service after checking the price and delay, or leave. We assume that all customer requests

are processed. Let us now focus on this customer-choice component of the model. The net

benefit for a customer consists of the value of the job to the customer, the price, and the

expected delay cost. The net benefit for a sample customer ω is

B(ω) = U(ω)− p−G(λ, μ). (1)

U(ω) is a realization of a random variable U that describes the value of the job to a customer

ω. U is random across the customers and characterizes the customer base. It is assumed to

be a nonnegative random variable with a distribution function F (x) = P{U ≤ x}. F (x) is

assumed to be strictly increasing and differentiable on the support of U . The price p that the

customer pays for the service is the decision variable for the service facility. G(λ, μ) is the

expected (steady state) delay cost that the customer incurs when the service facility operates

with the pair (λ, μ). Note that the customer bases his decision on the expected delay cost

since the actual delay cost is not realized until after his order has been processed. In order

to ensure a stationary equilibrium of the queueing system, λ < μ is assumed. The average

delay cost G(λ, μ) captures, for example, the average cost the customer incurs if the delay

in the service facility causes the customer to introduce a product too late to the market. In

order to construct G(λ, μ) a function g(t) is defined, which describes the delay cost if the

customer spends time t in the system, such that G(λ, μ) = E [g (W (λ, μ))], where W (λ, μ) is

the system time of the job (queueing plus service time). The delay cost g(t) is assumed to be

convex and nondecreasing, which is well supported in the literature (see for instance Stidham

(1992)). As shown in Fridgeirsdottir and Chiu (2004), G(λ, μ) is not necessarily convex in λ,

however, the following property holds.

Lemma 1 The expected delay cost rate λG(λ, μ) is convex nondecreasing in λ.

The proof of Lemma 1 can be found in Fridgeirsdottir and Chiu (2004).
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Figure 1: Decision making of customers in the service facility

Until now the focus has been on constructing the customer-choice module of the model,

which is based on the work of Stidham (1992). As indicated before, a portion with rate λ of

the original arrival stream of customers with rate Λ will actually requests service from the

facility. Let us now compute the actual arrival rate λ based on the customer-choice module

described before. For a given price p, an arrival rate λ, and a service rate μ, customers

with nonnegative net benefits will accept the service of the service facility whereas those

with negative benefits will leave. See Figure 1 for an illustration. (Section 4 generalizes this

either-or choice.) If p, λ and μ are known, the net benefit of a customer ω is only a function

of the value of the customer’s job, U(ω), a realization of the random variable U defined before

with a distribution F . Hence, there exists a threshold value of U , say U , such that customers

with values greater than U will join the service facility and customers with value less than

U will leave. Note that the threshold value U equals the total cost, i.e., U = p + G(λ, μ).

Now the actual arrival stream to the service facility can be constructed, λ = Λ ·P{threshold

value is exceeded} = Λ · P{U > U} = Λ · F̄ (U). Furthermore, for a specific arrival rate

λ, the threshold value can be found, U = F̄−1(λ/Λ). (F̄ (x) = 1 − F (x) is assumed to be

continuous and strictly decreasing, hence F̄−1exists.) Thus, F̄−1(λ/Λ) = p + G(λ, μ). We

can see that if the total cost is very low, most customers will join and λ will be close to Λ.

However, if the total cost is too high almost nobody will join and λ will be close to 0. The
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following equations were presented by Stidham (1992):

F̄−1(0) ≤ G(0, μ) + p, λ = 0 (2a)

F̄−1(λ/Λ) = G(λ, μ) + p, 0 < λ < Λ, λ < μ (2b)

F̄−1(1) ≥ G(Λ, μ) + p, λ = Λ < μ (2c)

There exists a unique solution to (2) because F̄−1(λ/Λ) is nonincreasing in λ and G(λ, μ)

is nondecreasing in λ for a given μ. In fact, F̄−1(λ/Λ) can be interpreted as an inverse

demand function since it relates itself to the demand λ. Hence (2b) gives the price-demand

relationship. Hereafter F̄−1(λ/Λ) will be referred to as the full price since it is the total

expected cost experienced by the customer. As we will see later, the full price plays a

significant role in ensuring a tractable structure of the objective function.

In this basic pricing model the service facility can choose the price p that attracts the

demand λ in order to maximize its profit. Since a variable cost does not play a role in

this model, maximizing the profit corresponds to maximizing the revenues. The relationship

between the price and the arrival rate is known from (2), thus the arrival rate λ can be used

as a decision variable instead of the price. The service facility seeks to maximize its revenues

per unit time under stability and feasibility constraints:

max
λ
Π(λ) = λp(λ)

s.t. 0 ≤ λ < μ, λ ≤ Λ (3)

We have excluded μ as a variable since this paper concentrates on the problem in which

the capacity cannot be changed. The problem for which the capacity can be changed is not

necessarily tractable since the objective function is not jointly concave in λ and μ (for more

details on this see Stidham (1992) and Fridgeirsdottir and Akella (2004)).

Our goal is to find the optimal arrival rate and, subsequently, by using (2), find the

optimal price in a similar manner as in Stidham (1992) for a different objective function.

The objective function of Stidham (1992) is concave λ for all types of value distribution
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functions F . Let us now determine the conditions that ensure concavity of our objective

function. Instead of assuming F̄−1 to be concave as is sometimes done in the literature for

the profit-maximizing problem (see, e.g., Ha (1998)2), Lemma 2 derives a sufficient condition

for the value distribution function F in order to have a concave objective function in (3).

The condition is based on a monotonicity property of the failure rate of F , which is defined

as r(x) = f(x)/F̄ (x) where f is the density function.

Lemma 2 If the value distribution function F is an increasing failure rate (IFR) distribution,

then the objective function in problem (3), with the pricing function characterized by (2b), is

concave.

Proof. All proofs are provided in the Appendix.

The IFR assumption on the distribution is in fact not as restrictive as it might appears.

Many common distributions have an increasing failure rate, among them the uniform distri-

bution, the exponential distribution, the normal distribution (if negative values are allowed),

the truncated normal distribution, and gamma and Weibull distributions with a shape para-

meter greater than one. Furthermore, Lariviere and Porteus (2001) point out for a different

type of a model that gamma and Weibull distributions with a shape parameter less than one

can be included (even though they are not IFR) since they ensure unimodality (not concavity)

of the revenue function. They define a generalized failure rate function, s(x) = x ·r(x), where

r is the failure rate function. If a distribution is IFR then it has necessarily an increasing

generalized failure rate (IGFR). However, an IGFR does not necessarily imply an IFR. Using

an approach similar to that used by Lariviere and Porteus for their supply-chain contract

model, it can be shown that if the value distribution has an increasing generalized failure

rate (IGFR) the revenue function is unimodal. However, as we will see in Section 4 the IFR

property plays a larger role in our settings than the IGFR property.

Assuming concavity on the full price in our setting is, in fact, very restricting and more

restricting than the IFR assumption as we will see in the following corollary.

2Ha (1998) assumes a concave full price function P (λ) in the profit maximizing problem. The full price is
not based on a value distribution as in our settings.
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Corollary 1 If F̄−1is concave then F is an IFR distribution.

As illustrated in the proof of the Corollary above (see Appendix), to ensure concave full

price F̄−1 we need f to be increasing, which is not very realistic. Ziya et al. (2003) explore

in general the relationships between concavity assumptions on price functions, concavity

assumptions on demand functions, and the failure rate of functions of the same nature as F .

Conditions on the failure rate might be more natural in reliability context rather than

ours. However, there is an economic intuition behind the failure rate assumption.

Corollary 2 The full-price elasticity of demand is decreasing in the demand if and only if

the value distribution is an IGFR distribution.

The full price elasticity determines the percentage decrease in the demand when the full

price is increased by one percent. Hence, the IGFR assumption corresponds to diminishing

effects of changes in the full price, on the demand.

Having ensured that an IFR value distribution gives a concave objective function and that

an IGFR value distribution gives a unimodal objective function, the first-order conditions can

be used in a similar way as in Stidham (1992) to determine the optimal price.

Theorem 1 The optimal solution to the optimization problem (3) with an IGFR value dis-

tribution function is3

i) λ∗ = 0, if F̄−1(0) ≤ G(0) + p

ii) λ∗ = Λ, if Λ ≤ μ and F̄−1(1) ≥ G(Λ) + Λ ·G0(Λ)− (F̄−1)0(1)

iii) Otherwise, λ∗ is a solution to

λ∗

Λ
· (F̄−1)0(λ∗/Λ)− λ∗ ·G0(λ∗) + F̄−1(λ∗/Λ)−G(λ∗) = 0 (4)

3Note that (F̄−1)0(λ∗/Λ) corresponds to d(F̄−1(x))
dx

x=λ∗/Λ
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where the optimal price is

p∗ = λ∗ ·G0(λ∗)− λ∗

Λ
· (F̄−1)0(λ∗/Λ) (5)

Let us now analyze the different components of the optimal price in (5). The first com-

ponent, λ∗ · G0(λ∗) is the optimal price in the social optimization problem (where the total

value in the system is maximized) that is studied, for instance, in Stidham (1992). That term

is often called an externality term. Each additional job that enters the service facility will

increase the delay in the system and thus increase the delay cost of all the jobs in the service

facility. Hence, this component is the marginal cost a customer inflicts on other customers in

the system. The second component, −λ∗

Λ · (F̄−1)0(λ
∗/Λ) = −λ∗ · ∂(F̄

−1)0(λ/Λ)
∂λ

¯̄̄
λ=λ∗

, is positive

since F̄−1(λ/Λ) is decreasing in λ. This term describes the change in the full price, which can

be considered as the customers’ willingness to pay. Hence, the customers are paying for the

fact that with their presence in the system they are decreasing the customers’ willingness to

pay for the service and thus preventing some lower value customers to join the system. Thus,

they pay for the revenue loss they cause the service facility by increasing the congestion. Note

that the customers base their decision of whether to enter the service facility on expected

delay cost, not actual delay cost (see Equation (1)). However, after the customer’s request

is processed the customer realizes an actual net benefit, which depends on the actual delay

cost incurred by the customer.

In the next section we will expand the customer-choice module of requesting service when

the net benefits are positive, and incorporate probabilistic decision making that can capture

risk preferences and lack of rationality in the customer behavior.

4 Probabilistic Decision Making of Customers

Until now we have assumed that a customer requests service from the service facility only

if his net benefits are nonnegative. However, in reality a customer may not be this precise
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Figure 2: The 0-1 step decision function and a probabilistic decision function

in his decision making. There might be some behavioral and external factors that affect

the customer’s decision making. Furthermore, the customers in the customer base might

behave differently even though they have access to the same information. This type of

behavior is often called “bounded rationality” in economic theory and behavioral sciences

(see Rubinstein (1998) for modeling of bounded rationality). No matter what factors drive

the customer behavior, intuition suggests that the probability of a customer accepting the

service should increase with the net benefits derived from joining. How fast the probability

reaches 1 as a function of the net benefits could, for instance, depend on the risk preferences

of the customer or on the number of other options available to the customer.

In order to incorporate the probabilistic behavior of customers into our pricing model

and capture bounded rationality or risk preferences, a probabilistic decision framework is

introduced. As before, a customer is assumed to evaluate the service based on the net

benefits, expressed in (1). However, the probability that the customer accepts the service

is assumed to increase with the net benefits. Hence, a decision function, δ : R → [0, 1], is

defined and is assumed to be nondecreasing. This function describes the probability that a

customer will request service as a function of the net benefits, i.e., δ(b) = Pr(customer joins

| B = b). We assume δ to be right continuous, with limx→∞ δ(x) = 1, and limx→−∞ δ(x) = 0.

Figure 2 shows examples of possible decision functions. The step function is the 0-1

decision function that has been used in previous sections for the customer decision making.
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The other function is an example of a probabilistic decision making.

As mentioned previously, the decision function can be considered as a tool to model

bounded rationality of customers. Hence, the customers are not assumed to be perfectly

rational decision makers that base their decisions on the net benefit, rather, there are other

factors that affect their decision making. That probabilistic behavior is described with the

decision function. In addition, the decision function δ can be considered to be a utility

function that captures the risk preferences of the customers.

Let us now redevelop the results of the last section to include the probabilistic decision

making of customers. In this case, the threshold analysis used in Section 3 cannot be applied

because there does not exist a threshold value for U , the value of a service to a customer. In

fact, a customer ω with net benefits B(ω) = U(ω) − p − G(λ, μ) may not enter the service

facility even if the net benefits are positive. There is, rather, a probability δ(B(ω)) that the

customer enters the service facility. However, the actual arrival rate to the service facility

can still be characterized with λ = Λ · F̄δ (x), where Λ is the customer base, F̄δ(x) is the

probability that a customer enters given a probabilistic decision function δ, and x is the full

price, x = p+G(λ, μ). Now, F̄δ (x) = Pr(customer joins, full price = x) =
R∞
−∞ Pr(customer

joins |B(x) = b)dFB(b) =
R∞
−∞Pr(customer joins |B(x) = u−x)dF (u) =

R∞
−∞ δ(u−x)dF (u),

where F is, as before, the distribution function for the value of a job to a customer.

As in the case of deterministic decision making there are three possible relations between

the arrival rate λ and the price p in equilibrium:

F̄−1δ (0) ≤ G(0, μ) + p, λ = 0 (6)

F̄−1δ (λ/Λ) = G(λ, μ) + p, 0 < λ < Λ, λ < μ (7)

F̄−1δ (1) ≥ G(Λ, μ) + p, λ = Λ < μ (8)

We will solve the revenue maximization problem in (3) using (7) to characterize the price.

The following lemmas determine the necessary properties for δ in order to have a concave

objective function. The first lemma states the properties necessary for δ in order for Fδ to

be a distribution function.
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Lemma 3 If δ is a right continuous, nondecreasing function such that limz→∞ δ(z) = 1,

limz→−∞ δ(z) = 0, then Fδ = 1− F̄δ is a distribution function.

Lemma 4 determines the sufficient conditions on a continuous function δ such that Fδ is

an IFR distribution.

Lemma 4 If F is an IFR distribution and δ is differentiable and has the properties of a

DFR (decreasing failure rate distribution) then Fδ is an IFR distribution.

The DFR assumption reduces the selection of tractable decision functions. Out of fre-

quently used distribution, there is the choice of Weibull and gamma distributions with shape

parameter less than 1. However, by changing the parameters of the Weibull and gamma

distributions a good selection of decision functions can be created. (Other less common DFR

distributions are, e.g., mixed Weibull distributions and the Pareto distribution.)

Let us now further explore the decision functions that conserve the concavity of the

objective function. In particular, let us consider a step function that is right continuous.

Lemma 5 shows that a step function gives a value distribution function Fδ that is an IFR

distribution and thus leads to a concave objective function.

Lemma 5 Suppose F is an IFR distribution and define a step decision function,

δa(x) =

⎧⎨⎩ 1 x ≥ a

0 x < a.

Then Fδ is an IFR distribution.

Note that a step decision function, which models the customers’ requirement for a margin,

translates to a shift in the value distribution and is in fact a general version of the 0-1 decision

function. Theorem 2 shows that the previous results on the optimal price hold for a DFR

decision function and a step decision function.
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Theorem 2 Theorem 1 holds for a DFR decision function δ(·) and a step decision function

such that

i) λ∗ = 0, if F̄−1δ (0) ≤ G(0) + p

ii) λ∗ = Λ, if Λ ≤ μ and F̄−1δ (1) ≥ G(Λ) + Λ ·G0(Λ)− (F̄−1δ )(1)

iii) Otherwise, λ∗ is a solution to

λ∗

Λ
· (F̄−1δ )0(λ∗/Λ)− λ∗ ·G0(λ∗) + F̄−1δ (λ∗/Λ)−G(λ∗) = 0

where the optimal price is

p∗ = λ∗ ·G0(λ∗)− λ∗

Λ
· (F̄−1δ )0(λ∗)

Note that according to Theorem 2, F can be replaced with Fδ and the results on the

optimal price from Section 3 will hold.

It is interesting to explore how the customer margin, corresponding to a shift in the

decision function, affects the optimal price.

Proposition 1 If F is an IFR distribution and the expected delay cost G(λ) is convex in λ

then the optimal price decreases with a shift in the decision function.

The proposition above indicates, that when customers require higher margins, the optimal

price is lower. This is not entirely intuitive since a positive shift is shown to decrease the

optimal arrival rate, which results in a higher price. However, a positive shift decreases the

full price and thus decreases the optimal price charged. This latter effect turns out to be

dominating, resulting in a lower optimal price when customers require a higher margin from

the service.

We illustrate this with a numerical example and consider an M/M/1 queueing system

with an FCFS service discipline, an exponential value distribution function with a parameter

α, F (x) = 1 − e−αx, and linear delay cost, G(λ) = c · E [W (λ)] = c
μ−λ . In Figure 3 the

parameter values are set as Λ = 2, μ = 2, c = 1, α = 0.5. The figure shows that the price
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Figure 3: The optimal price vs. the shift in the step function

decreases with a shift a in the step function, i.e., the price decreases when customers want

margins on their net benefits. Note that the bigger the shift is the smaller the decrease is in

the optimal price.

The framework introduced in this section of probabilistic decision making is a powerful

tool to incorporate different characteristics in customers’ behavior such as risk preferences

and lack of rationality, and is a natural extension to the basic pricing framework.

5 Marketing

In previous sections we have focused on pricing as a way to manage the demand of a service

facility. Another approach to manage the demand is marketing: the service facility can invest

in marketing efforts in order to attract more customer demand and thus expand the customer

base. Instead of considering pricing and marketing investments separately as often done in

reality, we will consider them jointly in order to understand how these two decisions interact.

The service facility is assumed to invest an amount m(Λ) in marketing in order to have a rate
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of Λ customers (per time unit) approaching the facility. The marketing cost m(Λ) is assumed

to be a convex function in Λ. This convexity assumption is realistic and well supported in

the marketing literature (see, e.g., Ngyen (1997)). We are interested in determining jointly

the optimal price and the optimal marketing investment, that maximize the profit, using

the framework introduced in the previous sections. The optimization problem is now the

following:

max
λ,Λ
Π(λ,Λ) = λp(λ,Λ)−m(Λ)

s.t. 0 ≤ λ < μ, λ ≤ Λ (9)

where p(λ,Λ) = F̄−1(λ/Λ)−G(λ) as in (7). (Note that F̄−1 can be replaced by F̄−1δ for DFR

decision functions, as shown in the previous section.) For illustration purposes we assume

that the optimal solution is an interior solution, the boundary cases can be handled in the

same way as in Theorem 1. Note that the optimization problem can be modeled in a similar

way with m(Λ) as the cost of increasing an arrival rate by Λ from an initial arrival rate Λ0.

The following lemma illustrates that the first-order conditions are sufficient for determining

jointly the optimal marketing investment and the optimal price.

Lemma 6 If the value distribution F is an IFR distribution and the marketing cost m(Λ) is

convex, then the profit Π is jointly concave in λ and Λ.

Knowing that the profit is jointly concave in the actual arrival rate, λ, and the customer

base rate, Λ, the first-order conditions can be used to derive the optimal solution.

Theorem 3 If the conditions in Lemma 6 hold, the optimal customer base, Λ∗, the optimal

arrival rate, λ∗, and the optimal price, p, are solutions to the following equations:

m0(Λ∗) = −
µ
λ∗

Λ∗

¶2
(F̄−1)0(λ∗/Λ∗) (10)

p∗ = λ∗ ·G0(λ∗)− λ∗

Λ∗
· (F̄−1)0(λ∗/Λ∗) (11)

λ∗

Λ∗
· (F̄−1)0(λ∗/Λ∗)− λ∗ ·G0(λ∗) + F̄−1(λ∗/Λ∗)−G(λ∗) = 0 (12)
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We can combine the first two equations above and write the optimal price as:

p∗ = λ∗ ·G0(λ∗) +m0(Λ∗) · Λ
∗

λ∗

The first term is the familiar external cost, which is the additional delay cost caused by

customers in the system. The second term is a marketing related cost. Each customer does

not only pay for the marginal marketing cost of approaching an additional customer m0(Λ∗),

rather he pays more, namely m0(Λ∗) · Λ∗λ∗ , which takes into account the "success rate"
λ∗

Λ∗ of

the marketing effort.

It is interesting to explore how marketing and operations interact by analyzing how the

variance of the service time affects the marketing investment. Decisions within these two

functional areas are often considered separately even though they clearly affect each other as

the following corollary indicates.

Proposition 2 For an M/G/1 queueing system with an FCFS service discipline, a linear

delay cost, an IFR value distribution F , and a convex marketing cost m(Λ), the optimal

marketing investment decreases in the service time variance.

According to this corollary the more variability our service processes have, the less we

invest in marketing. Higher service time variance means longer average delays. Hence, no

matter what the convex marketing cost is, the optimal marketing investment is always lower

for a high processing uncertainty. Even though we have here a stylized model of the two

functional areas, operations and marketing, it indicates that marketing spendings should be

coordinated with the status of operations.

Let us now explore numerically how the optimal marketing investment and the optimal

profit change with the variance of the service time. Let us consider an M/G/1 queueing

system with an FCFS service discipline, a uniform value distribution, linear delay cost, and
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Figure 4: Optimal marketing investment vs. variance of the service time

a quadratic investment cost structure such that

F (x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, if x ≤ a

x−a
b−a , if a < x < b

1, if x ≥ b

G(λ) = c ·E [W (λ)] = c ·
Ã
1

μ
+

λ
¡
1/μ2 + σ2

¢
2 (1− λ/μ)

!

m(Λ) = Λ2

A customer base Λ0 is assumed to exist and m(Λ) = αΛ2 is the cost of adding to it a rate

Λ. In Figure 4 parameter values are set Λ0 = 1, μ = 2, a = 1, b = 2, c = 0.1, α = 0.001. The

figure shows how the optimal marketing investment decreases with increasing variance of the

service time. Figure 5 shows the optimal profit for the case in which there are marketing

activities and the case in which there are none. Naturally, the profit is higher when there are

marketing activities. However, the difference decreases with increasing service time variance.
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Figure 5: Optimal profit with and without marketing effort

6 Multiple Customer Types

In the pricing and marketing models introduced so far, the customers are assumed to be

homogeneous, i.e., all customers have the same characteristics. Naturally, it is more realistic

to allow for different types of customers. Let us explore the characteristics of the objective

function when it is expanded to include multiple customer types.

We consider an M/G/1 queueing system with an FCFS discipline and n customers. Let

us first assume that each customer of type i has a value distribution Fi and all customers

have the same delay cost G. Then the profit is π(λ1, . . . , λn) =
Pn

i=1 λiF̄
−1
i (λi/Λi) −Pn

i=1 λiG(λ1, . . . , λn). The first term of the profit is concave in (λ1, . . . , λn) because it is

a sum of separable convex function. Let us consider the second term. Since the customers

are served with FCFS discipline, G(λ1, . . . , λn) = G(λ1 + λ2 + . . .+ λn). Hence, the second

term is concave according to Lemma 1 and thus also the objective function.

If the delay cost is different for each customer type and an FCFS discipline is used,

π(λ1, . . . , λn) =
Pn

i=1 λiF̄
−1
i (λi/Λi) −

Pn
i=1 λiGi(λ1 + λ2 + . . . + λn). Then according to
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Fridgeirsdottir and Akella (2004) the second term is not concave and the objective function

is not necessarily concave. However, if the customers are served with preemptive priorities and

the delay cost is linear (as in Lederer and Li (1997)) thenG(λ1, . . . , λn) = di·E[Ti(λ1, . . . , λn)],

where di is the delay cost per time unit and Wi is the system time for customer i. In this

case the second term is convex and thus also the objective function.

Finally, let us explore how the marketing model can be extended to include multiple

customer types. If the total marketing cost is the sum of the cost of the marketing effort

directed at each customer group, i.e.,
Pn

i=1mi(Λi), each mi(·) needs to be convex increasing

in order to ensure concavity of the objective function. Furthermore, if a marketing effort

affects more than one group of customers, each marketing cost function needs to be convex

increasing in the Λi’s. For example, if an investment affects customer group 1 and 2 the

marketing cost function m(Λ1,Λ2) needs to be convex in (Λ1,Λ2).

Hence, having ensured concavity of the objective function, our models can be expand to

include multiple customer types. However, as mentioned before, one has to be careful with

the structure of the delay cost.

7 Conclusion

In a competitive industry the time-to-market plays an important role. The objective of

this paper is to determine optimal demand management approaches for a profit maximizing

service facility, servicing delay-sensitive customers. First we focus on finding the optimal

price to attract the right number of customers and then we include marketing investments

to achieve the same goal. We derive conditions on the distribution function for the customer

value, which enable us to avoid the concavity assumption on the price-demand function but

guarantee a unimodal revenue function. We then enhance the deterministic customer decision

making used in the literature and introduce a probabilistic decision making that can capture

both the risk preferences of the customers as well as lack of rationality in their behavior. We

solve the pricing problem using that framework. Finally, we determine jointly the optimal

price and the optimal marketing investment. We explore the interactions between marketing
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and operations and determine how the uncertainty in the service time affects the marketing

decisions and the profit.

To our knowledge, only the paper by Van Ackere and Ninios (1993), which is based on

simulation results, has been written on marketing for a queueing-based system. Combining

these two components provides an interesting way of analyzing how operations and marketing

decisions interact. Fruitful directions for future research could expand the analysis on these

interactions within the framework provided in this paper.

8 Appendix

Proof of Lemma 2. Using Equation (2b) the objective function can be written as Π(λ) =

λp(λ) = λF̄−1(λ/Λ) − λG(λ). From Lemma 1 −λG(λ) is concave in λ. Hence, we only

need to ensure that λF̄−1(λ/Λ) is concave. Let us calculate d(F̄−1(λ/Λ))
dλ . We have λ/Λ =

F̄ (F̄−1(λ/Λ)). If we differentiate both sides with respect to λ, we have 1/Λ = F̄ 0(F̄−1(λ/Λ)) ·
d(F̄−1(λ/Λ))

dλ . Thus d(F̄−1(λ/Λ))
dλ = 1

Λ
1

F̄ 0(F̄−1(λ/Λ))
. Furthermore, d(λF̄−1(λ/Λ))

dλ = − λ/Λ
f(F̄−1(λ/Λ))

+

F̄−1(λ/Λ) where f = F 0. Let us do a change of variable and set x = F̄−1(λ/Λ). We have
d(F̄ (x)x)

dx = − F̄ (x)
f(x) + x. Since F̄−1(λ/Λ) is decreasing in λ, x decreases as λ increases. Hence,

in order to have d(λF̄−1(λ/Λ))
dλ decreasing in λ and thus λF̄−1(λ/Λ) concave we need − F̄ (x)

f(x)

to be increasing in x, which means that f(x)
F̄ (x)

, the failure rate, has to be increasing in x (see

p. 23 in Barlow and Proschan (1965)). Therefore, Π(λ) is concave if the value distribution

function is an increasing failure rate distribution.

Proof of Corollary 1. If F̄−1is concave then (using calculations in the proof of Lemma

2) we have that d(F̄−1(λ/Λ))
dλ = − 1

Λ
1

f(F̄−1(λ/Λ))
is decreasing in λ. Therefore, f(F̄−1(λ/Λ))must

be decreasing in λ which requires f to be an increasing function since F̄−1(λ/Λ) is decreasing

in λ. Hence, f(x)
F̄ (x)

is increasing and thus F is an IFR distribution.

Proof of Corollary 2. The full price elasticity of demand is defined as ν(λ) =

− F̄−1(λ/Λ)
λ · dλ

dF̄−1(λ/Λ)
. Furthermore, (using calculations in the proof of Lemma 2) ν(λ) =

F̄−1(λ/Λ) · f(F̄
−1(λ/Λ))
λ/Λ . Now, by setting x = F̄−1(λ/Λ) we can see that η(x) = ν(ΛF̄ (x)) =
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x f(x)
F̄ (x)

is the generalized failure rate, which is increasing in x. Since x decreases as λ increases,

we have shown that ν(λ) is decreasing in λ.

Proof of Theorem 1. Part i) is obvious from Equation (2a). For part ii), we use the

fact that the objective function is concave. Thus, we know that in order to have λ∗ = Λ we

need, from the first-order conditions

λp0(λ) + p(λ) = 0, (13)

that

Π0(Λ) = Λ · p0(Λ) + p(Λ) > 0 (14)

Using the inequality above and Equation (2b) we find that λ∗ = Λ, if Λ ≤ μ and

F̄−1(1) ≥ G(Λ) + Λ ·G0(Λ)− (F̄−1)0(1)

Part iii) is the case where the optimal solution is an interior point. Since the objective

function is concave, the optimal solution can be derived from the first-order conditions.

Solving together Equations (2b) and (13) gives us (4). By solving (4) with (2b) we get the

optimal price stated in (5).

Proof of Lemma 3. Theorem 1.1.2 in Durrett (1996) shows that a function F is a distri-

bution of some random variable if F is nondecreasing, limx→∞ F (x) = 1, limx→−∞ F (x) = 0,

and F is right continuous. Now, Fδ is nondecreasing since δ is nondecreasing. Let us show that

limx→∞ Fδ (x) = 1 and limx→−∞ Fδ (x) = 0. We can write
R∞
−∞ δ(s − x)dF (s) =

R a
−∞ δ(s −

x)dF (s)+
R b
a δ(s−x)dF (s)+

R∞
b δ(s−x)dF (s) for some finite a and b. Since we are integrat-

ing over a compact set, we have limx→∞
R b
a δ(s − x)dF (s) =

R b
a limx→∞ δ(s − x)dF (s) = 0.

Now, since
R∞
−∞ dF (s) <∞ and δ(x) ≤ 1 then for ∀ε > 0,∃ b such that

R∞
b δ(s− x)dF (s) ≤R∞

b dF (s) ≤ ε. Likewise, for ∀ε > 0,∃ a such that
R a
−∞ δ(s − x)dF (s) ≤

R a
−∞ dF (s) ≤ ε.

Hence, limx→∞
R∞
−∞ δ(s − x)dF (s) = 0 and limx→∞ Fδ (x) = 1 − limx→∞ F̄δ (x) = 1 −

limx→∞
R∞
−∞ δ(s − x)dF (s) = 1. We can show that limx→−∞ Fδ (x) = 0 using the same

approach. Furthermore, we can use the same technique to exchange the limit and the inte-

gral in order to prove that Fδ is right continuous if δ is right continuous.
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Proof of Lemma 4. As stated in Lemma 3, δ has the properties of a distribution

function. From the convolution theorem on p. 36 in Barlow and Proschan (1965), we have that

if two distribution functions, F1 and F2 are IFR then their convolution R(x) =
R∞
−∞ F1(x−

s)dF2(s) is also IFR. We can write Fδ (x) = 1−
R∞
−∞ δ(s−x)dF (s) =

R∞
−∞ [1− δ(s− x)] dF (s)

=
R∞
−∞ η(x− s)dF (s). Hence, for Fδ to be IFR η needs to be IFR. (Note that η inherits the

properties of a distribution function from δ. Furthermore, both δ0 and η0 exist since δ is

differentiable.) To ensure the IFR property, the failure rate function, η0(z)
1−η(z) , has to be

increasing in z. Based on the definition of η, this means that
d
dz
[1−δ(−z)]
δ(−z) = δ0(−z)

δ(−z) has to be

increasing in z and thus δ0(z)
δ(z) decreasing in z. If δ(z) is DFR, δ0(z)

1−δ(z) ≥ 0 is decreasing in z.

Since we know 1−δ(z)
δ(z) ≥ 0 is decreasing in z, δ0(z)

1−δ(z) ·
1−δ(z)
δ(z) = δ0(z)

δ(z) is decreasing in z. This

leads us to conclude that if δ has the properties of a DFR distribution, then Fδ is an IFR

distribution.

Proof of Lemma 5. We have that F̄δ (x) =
R∞
−∞ δa(u − x)dF (u) =

R∞
x+a dF (u) =

F̄ (x+ a). Since F is IFR, f(x)
F̄ (x)

is increasing in x. Hence, f(x+a)
F̄ (x+a)

is also increasing in x.

Therefore, Fδ is an IFR distribution.

Proof of Theorem 2. From Lemma 4 and 5 we know that Fδ is an IFR distribution,

and thus the objective function in Problem (3) is concave. Hence all conditions for Theorem 1

hold and the expressions for the optimal arrival rate and price are the same, with F replaced

with Fδ.

Proof of Proposition 1. Without loss of generality we set Λ = 1. If we shift a

decision function by a the corresponding full price will be F̄−1a (λ) = F̄−1(λ) − a. We then

have Π(λ) = λp(λ) = λF̄−1(λ) − λa − λG(λ), which is concave for an IFR distribution F

and a convex delay cost G. Hence, the first order necessary conditions are sufficient and the

optimal arrival rate λ∗ is a solution to Π0(λ) = (λF̄−1(λ))0−a− (λG(λ))0 = 0. To emphasize

that λ∗ depends on the shift a, we write λ∗(a). After simple calculations we have:

dλ∗(a)

da
=

1

(λ∗(a)F̄−1(λ∗(a)))00 − (λ∗(a)G(λ∗(a)))00 ≤ 0

Hence, the optimal arrival rate decreases with the shift. Let us now explore how the optimal

24



price changes with the shift. We have p∗(a) = F̄−1(λ∗(a))− a−G(λ∗(a))and thus using the

equation above,

dp∗(a)

da
=

(F̄−1)0(λ∗(a))−G0(λ∗(a))

(λ∗(a)F̄−1(λ∗(a)))00 − (λ∗(a)G(λ∗(a)))00 − 1.

Note that the numerator and the denominator are both negative. We want to show that
dp∗(a)
da ≤ 0, ∀a , which is equivalent to showing that (F̄−1)0(λ) − G0(λ) ≥ (λF̄−1(λ))00 −

(λG(λ))00, ∀λ. Now, we have that (λG(λ))00 −G0(λ) = G0(λ) + λG00(λ) ≥ 0 because G(λ) is

convex increasing. If we can proof that (F̄−1)0(λ) + λ(F̄−1)00(λ) ≤ 0, we have indeed shown

that dp∗(a)
da ≤ 0. Using calculations from the proof of Lemma 2 we have that (F̄−1)0(λ) +

λ(F̄−1)00(λ) = − 1
f(F̄−1(λ))

³
1 + λf 0(F̄−1(λ))

f2(F̄−1(λ))

´
. Since F is an IFR distribution, r0(x) ≥ 0 where

r(x) = f(x)/F̄ (x) is the failure rate. This condition corresponds to 1+ F̄ (x)f 0(x)
f2(x)

≥ 0. By set-

ting x = F̄−1(λ) we can see that the IFR assumption ensures that (F̄−1)0(λ)+λ(F̄−1)00(λ) ≤ 0.

Hence, the optimal price decreases with the shift.

Proof of Lemma 6. To simplify the notation, let us denote R(λ/Λ) = F̄−1(λ/Λ).

Using Equation (7) we can write the objective function as Π(λ,Λ) = λp(λ,Λ) − m(Λ) =

λR(λ/Λ) − λG(λ) − m(Λ). According to Lemma 2 the objective function is concave in λ:
∂2Π(λ,Λ)

∂λ2
= 2

ΛR
0(λ/Λ)+ λ

Λ2R
00(λ/Λ) − (λG(λ))00 ≤ 0 with both 2

ΛR
0(λ/Λ)+ λ

Λ2R
00(λ/Λ) ≤ 0

and (λG(λ))00 ≥ 0. Let us now show that Π(λ,Λ) is concave in Λ. We have ∂2Π(λ,Λ)
∂Λ2

=

λ2

Λ3

¡
2R0(λ/Λ) + λ

ΛR
00(λ/Λ)

¢
−m00(Λ). Knowing that 2ΛR

0(λ/Λ)+ λ
Λ2
R00(λ/Λ) ≤ 0 andm00(Λ) ≥

0, we have that ∂2Π(λ,Λ)
∂Λ2

≤ 0. In order to prove joint concavity we need in addition the Hessian

to be positive definite, i.e., det(H(λ,Λ)) = ∂2Π(λ,Λ)

∂λ2
· ∂

2Π(λ,Λ)
∂Λ2 −

³
∂2Π(λ,Λ)
∂λ∂Λ

´2
≥ 0. After some

simple calculations we see that det(H(λ,Λ)) = −m00(Λ)·∂
2Π(λ,Λ)

∂λ2
− λ2

Λ3

¡
2R0(λ/Λ) + λ

ΛR
00(λ/Λ)

¢
·

(λG(λ))00 ≥ 0 because m00(Λ) and (λG(λ))00 are nonnegative and ∂2Π(λ,Λ)

∂λ2
and 2R0(λ/Λ) +

λ
ΛR

00(λ/Λ) are nonpositive. Hence, we have proved that Π(λ,Λ) is jointly concave in λ and

Λ.

Proof of Theorem 3. Since Π(λ,Λ), is jointly concave in λ and Λ, the optimal

arrival rate, λ∗, and the optimal customer base rate, Λ∗, can be derived from the first-

order conditions. The first equation comes from the first-order conditions in Λ. The last two

equations are derived from the first-order conditions in λ and Equation (7).
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Proof of Proposition 2. As in Lemma 6 we can write the objective function as

Π(λ,Λ) = λR(λ/Λ)− λG(λ, μ)−m(Λ). We set a parameter c as the unit delay cost. Using

the Pollaczek-Khintchine formula (see, e.g., Gross and Harris (1998)) G(λ) = c ·E [W (λ)] =

c ·
µ
1
μ +

λ(1/μ2+σ2)
2(1−λ/μ)

¶
, where σ2 is the variance of the service time. From Lemma 6 we know

that Π(λ,Λ) is jointly concave for an IFR value distribution. Hence, the optimal λ and Λ can

be determined from the first-order conditions and are the solutions to the following equations:

∂Π(λ,Λ)

∂λ
= R(

λ

Λ
) +

λ

Λ
R0(

λ

Λ
)− c

μ
− c · ( 1

μ2
+ σ2)v(λ) = 0 (15a)

∂Π(λ,Λ)

∂Λ
= −λ2

Λ2
R0(

λ

Λ
)−m0(Λ) = 0 (15b)

where v(λ) = 2λ−λ2/μ
2(1−λ/μ)2 and as before R(λ/Λ) = F̄−1(λ/Λ). Now, from Equation (15a) we

can solve for σ2:

σ2(λ,Λ(λ)) =
R( λΛ) +

λ
ΛR

0( λΛ)−
c
μ

c · v(λ) − 1

μ2
. (16)

Note we have emphasize the dependence of σ2 on λ and Λ according to (15a) as well as the

dependence of Λ on λ according to (15b). Let us determine the nature of the relationship

between σ2 and Λ by calculating the sign of dσ2

dΛ = ∂σ2

∂λ +
∂σ2

∂Λ ·
dΛ
dλ . We have

∂σ2

∂λ
=

1
Λ

¡
2R0(λ/Λ) + λ

ΛR
00(λ/Λ)

¢
· c · v (λ)−

³
R(λ/Λ) + λ

ΛR
0(λ/Λ)− c

μ

´
· c · v0(λ)

c2 · v2(λ) .

Knowing that v(λ) ≥ 0, v0(λ) ≥ 0, 2R0(λ/Λ) + λ
ΛR

00(λ/Λ) ≤ 0 because F is an IFR dis-

tribution, R(λ/Λ) + λ
ΛR

0(λ/Λ) − c
μ ≥ 0 because (from (15a)) R(λ/Λ) + λ

ΛR
0(λ/Λ) − c

μ =

c( 1
μ2
+ σ2)v(λ) ≥ 0, we can show that ∂σ2

∂λ ≤ 0. Similarly,

∂σ2

∂Λ
= −

λ
Λ2

¡
2R0(λ/Λ) + λ

ΛR
00(λ/Λ)

¢
c · v(λ) ≥ 0

Furthermore, let us define h(λ,Λ) = ∂Π(λ,Λ)
∂Λ . Using the Implicit Function Theorem we have

dΛ

dλ
= −

∂h
∂λ
∂h
∂Λ

=
λ
Λ2

¡
2R0(λ/Λ) + λ

ΛR
00(λ/Λ)

¢
λ2

Λ3

¡
2R0(λ/Λ) + λ

ΛR
00(λ/Λ)

¢
−m00(Λ)

≥ 0
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since 2R0(λ/Λ) + λ
ΛR

00(λ/Λ) ≤ 0 because F is an IFR distribution and m00(Λ) ≥ 0. Hence,

we have shown that dσ2

dΛ ≤ 0. Therefore, if the service time variance increases, the optimal

customer base increases and thus the optimal marketing investment.
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