
Portfolio and Capacity Management of

Delay-Based Contract Menus

Kristin Fridgeirsdottir • Ram Akella

Decision Sciences, London Business School, Regent’s Park

London NW1 4SA, UK

E2-563, Jack Baskin School of Engineering

University of California

Santa Cruz, CA 95064, USA

kristin@london.edu • akella@soe.ucsc.edu

January 2007

Facilities offering services or make-to-order products are often required to be time-

responsive. Customers are usually not content with paying a fixed price with no de-

pendence on the delivery time, rather, they would like to engage in a time-related

contract. We consider a service facility that wishes to optimize the number of con-

tracts offered from its menu of contract types where the customer payment, described

by the contract, depends on the response time. In this context, we identify an impor-

tant property of queueing service systems, which indicates the conditions under which

mixed portfolios of contract types are optimal and those when only one contract type

is worth pursuing. We show that if the customers are serviced in the order they arrive,

the optimal portfolio consists only of one contract type. However, when preemptive

priorities are applied it can some times be optimal to offer more than one contract type

from the menu but in other cases offering only one contract type can be optimal even

though it leads to the service facility being idle.
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In addition we analyze the capacity management problem of the service facility.

We show that when the capacity cost is linear or concave it is optimal for the service

facility to expand its capacity as much as possible.

Both the portfolio and capacity management problems have an underlying structure

that frequently comes up in other queueing based service problems but has received

minimal attention.

We provide both closed form solutions and numerical examples.

1 Introduction

Facilities offering services or make-to-order products are often required to be time-

responsive. Customers are usually not content with paying a fixed price with no de-

pendence on the delivery time, rather, they would like to engage in a delay-related

contract. The contract would determine the payment required depending on the time

spent in the system. One can imagine different types of contracts. For example, there

could be a high payment if the time spent in the system is short but then a sharp

reduction if the time spent in the system passes a certain time limit (e.g. a deadline

that the customer has) or there could be a lower payment that decreases more slowly

as the time spent in the system increases.

In this paper we consider a service facility (or a facility offering make-to-order prod-

ucts) that offers a menu of different types of delay-related contracts to its customers.

The problem is to find the optimal number of each contract type to offer. We model

the service facility as an M/G/1 queueing system (most of the results can be extended

to more than one server). We use a relatively simple stylized model, in the interests of

obtaining useful insights. Problems of the same nature have been analyzed in the lit-

erature (e.g. Mendelson (1985), Mendelson and Whang (1990), and Stidham (1992)).
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The main difference between our problem and theirs is that in our case the service

facility manages the flow rate of customers directly by choosing how many contracts

of each type to offer per time unit while the other authors control the flow rate indi-

rectly through pricing. Both approaches are realistic while their applicability depends

on the setting. Specifically, the other authors focus on determining the optimal price

to charge given certain characteristics of the customers (usually value of service and

delay). We consider a different aspect of this problem: given a menu of possible con-

tract types (characterized by payments that decrease with delay), how many contracts

of each type the service facility should take on. Despite the similarities of these two

problem settings, in our case the objective function has particular properties that lead

to different solutions than previously analyzed problems. Furthermore, as we point out

in Section 3.1.3 these properties are also important in the pricing settings but have not

received attention before.

We first consider the situation where the service facility needs to determine how

many contracts of each type to offer in order to maximize its revenues. We can imagine

that it might be preferable to offer a menu of contrasting contract types e.g. one

contract that offers a high payment that reduces fast with longer time spent in the

system and another one that offers a low payment that reduces more slowly with

longer time spent in the system, in order to diversify the risk of long times spent in the

system. Contrary to first pass intuition of risk diversification, the objective function

has a structure, neither jointly convex nor concave, resulting often in an extreme point

solution of “choose only one contract type” solution. This is in strong contrast to the

interior first order condition solution that results in a mixed portfolio solution, that

we often see in the literature. This result of ours is true not only under first-come-

first-serve (FCFS) discipline but can also be true in the context of priorities. This

means that you would rather have the server idle than have it process another type

of a contract (even though preemptive policies are applied). We derive closed-form

solutions for several scenarios concerning different types of contracts.

In addition we consider the capacity management problem of the service facility,

where the service facility both selects how many contracts of each type to offer and
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determines the optimal capacity level. We show that for both an M/M/1 service

facilities with FCFS discipline and an M/M/1 service facility with priorities that it is

optimal to expand the capacity as much as possible if the capacity cost is concave or

if it is linear. In the case of strict convex capacity cost we illustrate with an example

the optimal solution.

The research presented in this paper is motivated from interactions with a "design

house" in the semiconductor industry. A design house is a service facility that designs

chips and other high-tech components for its customers. The customers are often

extremely delay-sensitive since they need to get the components for their products as

fast as possible in order to stay competitive in the high-tech market. The executives,

including the VPs of Marketing, Sales, and Engineering, were struggling to find answers

to the following questions: How many design requests and of what type should we

accept into our design house? Are we overloading the design house? Should we increase

our capacity (for instance by hiring more engineers)? In this paper we provide stylized

models to analyze these issues.

The paper is organized as follows. In the following section the relevant literature

is reviewed. Section 3 presents models for the contract selection, in which capacity

is assumed to be fixed. In Section 4 the model is generalized to include the capacity

acquisition decision. Finally, we conclude in Section 5, mention some extensions and

give some insights for fruitful future research. Note that all proofs are provided in the

Appendix.

2 Literature Overview

Service systems are becoming increasingly important and include custom product de-

sign facilities, contract manufacturing facilities, software services, computer communi-

cation network systems, and others. Consequently there has been significant interest

recently in modeling design and software "factories", much as manufacturing and com-

puter communication networks have been modeled for several decades. In these new
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“service factories”, as well as in more traditional manufacturing factories and computer

communication networks, the interplay between flow rate control and pricing has as-

sumed increasing importance, and leads to a rich variety of problems and results. In

this paper we focus on the flow rate portfolio problem of determining how many of

each contract type to offer but in Section 3.1.3 we show the implications of our results

for the pricing problem.

The motivation for this research comes from an interaction with a design house, a

facility designing products or components for customers. The topic of product develop-

ment is receiving more and more attention in the management science literature (see a

specialManagement Science issue in January 2001 with a survey and a variety of topics

related to product development.) We use queueing models to capture the delay in the

design house (or a service facility) caused by sharing of scarce resources. By choosing

this approach the design house is being considered as a "design factory". Hence, the

design house is modeled as a manufacturing factory by adopting its economic goals,

the process approach, and the congestion effects. Reinertsen (1997) motivates this

approach in his book and proposes some tools useful for practitioners when they ana-

lyze their product development practices using the design factory approach. The only

paper, to our knowledge, with such a modeling approach is by Adler et al. (1995).

Besides the link to product development, we have identified several topics in the

area of congestion pricing and Internet pricing that are related to our research problem.

The congestion pricing literature can be traced back to a paper by Naor (1969), in

which he addresses pricing for customers that arrive to a queueing system and are sen-

sitive to delay. He considers both social optimization (maximization of the total value

in the system) and revenue maximization (maximization of the revenues generated

from customer payments). The work of Naor has been extended by several authors,

for example, Lippman and Stidham (1977) and Mendelson and Yechiali (1981). The

basic structure of our model has similarities with the pricing problem first introduced

by Mendelson (1985). Dewan and Mendelson (1990) enhance this framework and fur-

ther conceptualize the decision-making mechanism of the customer. Stidham (1992)

solves the constrained problem of Dewan and Mendelson, which they assume to have
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an interior solution. Furthermore, Stidham shows how joint pricing and capacity de-

cision making can lead to multiple solutions of the first-order conditions because the

objective function is not necessarily concave. The objective function in our contract

portfolio problem has many similarities with this stream of research. However, we are

focusing on a direct flow rate control rather than pricing. The optimal solutions we

derive are as a consequence fundamentally different. Nevertheless, some of the results

we derive here are applicable to the pricing problems. We will give a more specific

example in Section 3.1.3.

The literature related to pricing in congestible networks such as telecommunication

networks and the Internet, has some commonalities with the research in this paper.

In that literature stream the nodes of the network are not necessarily assumed to be

queueing servers but, rather, each node is modeled at a higher level as a resource for the

network. Some of the papers in this stream include delay sensitivity of customers, see

for example Kelly (2000) and Stidham (2004). The papers by Kelly (and references

therein) on congestion management in networks provide a good exposition for this

literature stream, see for example, Kelly (1997). Stidham (2004) is the only paper to

our knowledge that pays attention to the functional structure we analyze in this paper.

3 The Contract Portfolio Model

The service facility is interested in determining a portfolio of contracts that maximizes

its expected profit per unit time. More specifically, it needs to determine how many

contracts to offer of each type on the menu of available contract types. For the time

being we assume that the service capacity cannot be changed. We incorporate capacity

acquisition in Section 4. The service facility is considering n types of contracts. The

terms of the contract define the payoff to the service facility as a function of the time

it takes the service facility to deliver the product.

The delivery time at the service facility usually contributes to the total time-to-

market of its customers. In many industries, especially the semiconductor industry,
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the time-to-market is a very important component of competitiveness. Hence, the

customers are extremely delay sensitive and may want to engage the service facility in

a contract, in which the service facility shares the risk for the delivery time. The risk

sharing could also be indirect. For example, the service facility studied in this research

had manufacturing capabilities in addition to design activities. If the product that was

being designed was brought to market early, the market share was usually greater and

the manufacturing revenues higher. Hence, there were incentives for the service facility

to reduce its delivery time.

The service facility optimizes its contract portfolio by determining to how many

customers per time period it should offer each type of a contract. Customers come in,

each requesting a contract type that has associated with it a payment to the service

facility, which reduces with the delay. This is a strategic level decision of controlling

the flow rate of customers over longer time, rather than a tactical one for customer-

by-customer control.

The settings of the portfolio problem are more specifically the following. The service

facility is considered to be a risk-neutral decision maker and is interested in determining

how many items of each contract i to accept per time unit, in order to maximize its

profit rate. (We will refer to the profit rate as profit.) The acceptance rate for contract

type i is denoted as λi. As mentioned before, the service facility has a risk-sharing

contract with its customers. More formally, a profit function vi(t) is defined for each

type of contract i. This function describes the profit contribution of that contract to

the service facility and is decreasing in t, the total time (waiting and service time)

it takes to process the customer request. In Figure 1 we can see three illustrative

examples of contracts.

The service facility is modeled as an M/G/1 queueing system. (Many of the results

can be extended to multiple servers, see Section 5). The interarrival times of items

belonging to contract i are assumed to be independent and exponentially distributed

with mean 1/λi. The arrival processes of the customer requests for the n contract types

are assumed to be independent. The service times are assumed to be independent and

identically distributed random variables with mean 1/μi for contract i.
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Figure 1: Examples of different types of contracts.

The service facility has to determine how much to accept of each contract type i.e.,

the values of λi, i = 1, . . . , n and how much service rate to employ i.e., the values of

μi, i = 1, . . . , n, in order to maximize the profit per time unit. To ensure that all

customers will be served and that the queueing system has a stationary equilibrium,Pn
i=1 λi/μi < 1 is assumed. The optimization problem is the following:

max
λ1,...,λn,
μ1,...,μn

Π =
nX
i=1

λiE[vi (Ti(λ1, . . . , λn, μ1, ..., μn))]− c(μ1, ..., μn) (1)

s.t.
nX
i=1

λi/μi < 1 0 ≤ λi ≤ Λi, i = 1, . . . , n

As indicated in the problem above, the random time spent in the system Ti depends

on the rate of all types of contracts to the system, λ1, . . . , λn as well as their service

rates, μ1, ..., μn. The capacity cost is denoted c(μ1, ..., μn). For the sake of simplicity,

we assume that vi is such that E[vi (Ti(λ1, . . . , λn, μ1, ..., μn))] is twice differentiable in

λi and μi, i = 1, . . . , n.

In the following sections we will solve different versions of the general problem in

(1). In the beginning we will focus on the portfolio problem while the capacity problem

will be covered in Section 4.
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3.1 Portfolio Model with FCFS Processing

Let us assume that the service facility operates as an M/G/1 system with an FCFS

service discipline and a service rate μ. In that case the total time spent in the service

facility, Ti(λ1, . . . , λn), has the same distribution for all types of contracts and is only a

function of the total arrival rate to the system λ =
Pn

i=1 λi, i.e., Ti(λ1, . . . , λn)
D
= T (λ).

(Since μ is not a decision variable we do not include it.) This is based on the fact that

the sum of independent Poisson processes is a Poisson process with a rate as the sum

of the original rates (see Ross (1996)).

As before, a contract i has a profit function vi(t), which describes how the payoff

to the service facility deteriorates with time t spent in the service facility. The optimal

portfolio selection problem is the following:

max
λ1,...,λn

Π =
nX
i=1

λiE [vi(T (λ))] (2)

s.t. λ =
nX
i=1

λi < μ λi ≥ 0, i = 1, . . . , n

We assume that there is no limit on the customers’ interest for the contracts such that

the service facility is in the position of deciding how many customers to service per

time period. Later we consider the case where there is limited interest for a given

contract type.

In order to determine the optimal acceptance rates, λi, one might think that setting

the marginal profit with respect to each arrival rate equal to zero would be sufficient.

However, as the following theorem shows, the first-order conditions are not sufficient,

even though the profit function is concave in each λi. Consequently, the first-order

conditions will never yield the optimal solution. It is important to emphasize the

significance of this deceptively simple result.

Theorem 1 A function f given by f(λ1, ..., λn) =
Pn

i λigi(λ), where λ =
Pn

i=1 λi and

n ≥ 2, is never concave (convex) in (λ1, ..., λn) even though it is concave (convex) in
each λi, except if g0i(λ) = g0j(λ) ∀i 6= j.
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Proof. Proofs are provided in the Appendix.

The functional form f(λ1, ..., λn) =
Pn

i λigi(λ), where λ =
Pn

i=1 λi, is common in

congestion pricing models and models for pricing congestible networks. It is tempting

to assume that the objective function, which includes this functional form, is jointly

concave based on the fact it is concave in each dimension. For example, the objective

function in Dewan and Mendelson (1990) applied to the case of multiple classes in an

M/M/1 system with an FCFS service discipline, is not necessarily jointly concave in

(λ1, . . . λn) since the delay cost term, which has the form
Pn

i λigi(λ), is not generally

jointly concave. In Lederer and Li (1997) the sensitivity to delay is assumed to be

the same for all types of customers. For this reason, nonconcavity issues of the type

considered in this paper, do not arise in their context. However, if the sensitivity

to delay is different for different customer types the joint nonconcavity issue arises.

Another stream in the literature, related to pricing in congestible networks such as

telecommunication networks and the Internet, has some overlap with our research.

Stidham (2004) points out that in these settings the nonconcavity issue arises.

Theorem 2 illustrates the implication of the lack of joint concavity for our product

portfolio problem.

Theorem 2 The optimal portfolio presented in (2) has a boundary solution and is

such that one contract type is always preferred to the others, i.e., λ∗i > 0 and λ∗j = 0

for j = 1, ..., n, j 6= i.

According to Theorem 2 one contract type is always preferred to the others. Inter-

estingly, it is not optimal to diversify the portfolio. The service facility should rather

specialize in one contract type. One would have thought that balancing a contract

highly sensitive to delay but with a higher payoff with one having low sensitivity to

delay but a lower payoff, would have been a good way for the service facility to hedge

against the response time uncertainty. However, when the service facility is a risk

neutral decision maker and all contract types experience the same uncertainty in the

delay the optimal action is to focus on one contract type. If the service facility is not
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risk neutral the results can be different, see Araman and Fridgeirsdottir (2005). Later

in the paper we consider other factors that lead to a diversification of the product

portfolio.

We can derive closed-form solutions for many types of contracts based on the results

in Theorem 2. In the next section we illustrate the example of an M/M/1 queue with

a linear profit function and in Section 3.1.3 we compare that problem to a pricing

problem that has previously been explored in the literature. Furthermore, in Table 1

we list results for several other contract types that can be derived in a similar way as

the linear one.

3.1.1 M/M/1 Queue: Linear Profit Function

A simple version of delay-related contracts is the linear contract. This contract is

determined by a profit function that decreases linearly with the time spent in the

system and thus corresponds to linear discounting of the payoff to the service facility.

More specifically, the profit function for a contract i is set as vi(t) = ri − dit, where

ri is the potential profit contribution if there is no delay and di is a deterioration

parameter that describes how fast the profit decreases with time spent in the system.

Let us find the optimal acceptance rate for each contract type, i.e., the λ0is. The

customers requesting the contracts are assumed to arrive according to independent

Poisson processes with arrival rates λi, respectively, and the service time in the service

facility is exponential with rate μ. By using the fact (see Gross and Harris (1985)) that

for an M/M/1 queueing system the expected time in the system is, E[T (λ)] = 1/(μ−λ),
the optimization problem can be stated as follows:

max
λ1,...,λn

Π =
nX
i=1

λi

µ
ri −

di
μ− λ

¶
(3)

s.t. λ =
nX
i=1

λi < μ λi ≥ 0, i = 1, . . . , n
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Figure 2: The profit for a two-contract portfolio.

It can be shown that the objective function is concave in each λi. However, Theorems

1 and 2 tell us that the objective function is not concave in (λ1, ..., λn) and that one

contract type is always preferred to the others. Figure 2 shows the expected profit Π

for the two-contract type case with r1 = 8, d1 = 1, r2 = 6, d2 = 0.1 and μ = 2. The

expected profit is concave in λ1 and λ2 but the “saddle” shape indicates that it is not

jointly concave. Furthermore, the maximum of this particular function in Figure 2 is

on the boundary with λ1 = 0 and λ2 > 0.

Since it is known that choosing one contract type is optimal let us find which

contract type should be chosen and how many items of it per time unit. Proposition 1

gives the condition for which contract type to choose as well as the optimal acceptance

rate.

Proposition 1 It is optimal to choose the contract type with the highest index α(i) =
√
riμ−

√
di and set its arrival rate, λ

∗
i = μ−

p
diμ/ri.
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Figure 3: The ranking indices vs. the service rate for a two-contract portfolio.

As the proof of Proposition 1 indicates, the index α(i) =
√
riμ−

√
di is the square

root of the total profit when only family i is chosen. Note that it would never be

optimal to choose a contract type with a negative index, i.e., with ri < di/μ, because

in that case the profit contribution would be negative even though there would be no

congestion, i.e., λ = 0.

The index α(i) can be considered as a ranking index that determines on which

contract type to focus. Note that the ranking index depends on the capacity level, μ.

Hence, the same contract type is not necessarily chosen for different capacity levels.

Figure 3 shows an example of a threshold effect concerning two contract types (with

r1 = 1, d1 = 0.2, r2 = 2, and d2 = 0.8), in which a service facility that is tight on

capacity (i.e., the service rate is below a certain threshold), would choose a contract

type that is not very sensitive to delays even though it has a lower potential payoff

than the other contract type. On the contrary, a service facility with a high capacity

level would choose the contract type with higher potential payoff and higher delay

sensitivity since long delays are not likely.

In Table 1 we provide formulas for the ranking index and the corresponding optimal

arrival rate, with a = (1 + μ2σ2s)/2, where σs is the service time variance. It should
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Example Ranking index Optimal arrival rate
M/M/1:
Linear contracts

√
riμ−

√
di μ−

p
diμ/ri

Linear contracts, unequal
service rates

√
riμi −

√
di μi −

p
diμi/ri

Exponential contracts ri(
√
μ+ di −

√
di) μ+ di −

p
μdi + d2i

M/G/1:
Linear contracts

p
riμ+ di(a− 1)−

√
dia μ− μ

√
dia√

riμ+di(a−1)

Table 1: Ranking index and optimal arrival rate for different contract types.

be noted that in the case of M/M/1 system with linear contracts and unequal service

rates the structure of the objective function is different from the case with equal service

times and it cannot be written as
Pn

i λigi(λ) where λ =
Pn

i=1 λi. Thus Theorem 1

does not apply. (The details of this case are given in Theorem 6 and Proposition 2

in the Appendix.) However, the ranking index and the optimal arrival rate are very

similar as we can see in Table 1.

We have now derived decision rules for determining the optimal contract portfolio.

These rules can be very useful for product and service portfolio decision makers that

need to compare different contract types on potential payoff, delay sensitivity as well

as capacity requirements. However, one might not find it realistic to focus on only one

type of a contract. Next we analyze different issues that drive the diversification of the

optimal contract menu.

3.1.2 Constrained Demand Rate

In reality the service facility often faces limited interest in its services. In some favorable

market conditions the demand can be considered as unlimited but frequently the market

is tighter than that. In the case where we have one or more constraints on the demand

rates we can still use Theorem 2 and conclude that the optimal solution is on the

boundary. Contrary to what one might think, the new constraint is not necessarily

binding. Rather an "old" constraint might become binding. We will illustrate the

implications in the following problem with two types of linear contracts where there is
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a constraint on the arrival rate of type 1:

max
λ1,λ2

Π = λ1

µ
r1 −

d1
μ− λ

¶
+ λ2

µ
r2 −

d2
μ− λ

¶
(4)

s.t. λ1 + λ2 < μ λ1 ≤ Λ1 λi ≥ 0, i = 1, 2

Let us consider the case where r1 > r2 and d1 > d2 and the situation when the

optimal solution to the unconstrained case of Problem 4 is λ∗1 > 0 and λ∗2 = 0. If

λ∗1 ≤ Λ1 the optimal solution stays the same. Let us denote λ
∗
i (λj) the optimal solution

to the unconstrained problem with λj fixed. If λ
∗
1 > Λ1 we argue that the optimal

solution is either (Λ1, λ
∗
2(Λ1)) or (0, λ

∗
2(0)). Since the profit is concave in the λ0is

we can use the first order condition with respect to λ2 to determine that λ∗2(λ1) =

μ − λ1 −
p
λ1(d1 − d2) + d2μ/

√
r1. Using that result we can analyze the behavior of

the profit with respect to λ1 while optimizing it with respect to λ2. We have that
∂Π
∂λ1
(λ1, λ

∗
2(λ1)) = r1− r2−

√
r2(d1−d2)/

p
λ1(d1 − d2) + d2μ, which is increasing in λ1.

Hence, Π(λ1, λ
∗
2(λ1)) takes the highest value at either λ1 = 0 or λ1 = Λ1.

We now need to check if Π(Λ1, λ
∗
2(Λ1)) is larger than Π(0, λ∗2(0)), which is the case

if 2
√
r2(
p
d1Λ1 + d2(μ− Λ1)−

√
d2r2μ) ≤ (r1−r2)Λ1. Then (Λ1, λ∗2(Λ1)) is the optimal

solution, which means it is optimal to offer a bit of both contract types and thus it is

optimal to diversify the portfolio.

If we have additional constraints to the ones we analyzed above, we can apply the

same logic to determine the conditions sufficient to different optimal solutions.

3.1.3 Implications for Pricing Models

We mentioned before that our model has similarities with pricing models previously

explored in the literature. Let us consider a "pricing" version of our linear contract

case for an M/M/1 system. Instead of the service facility being paid a fixed amount

ri per arrival (less the delay cost) we suggest a price-demand model Pi(λi) that il-

lustrates the resulting demand for a particular price. (In papers on pricing, e.g.,

Lederer and Li (1997), Pi(λi) is often called the "full price" and is set as the actual
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price, pi, plus the delay cost. Then the revenues, λipi are maximized as done in Problem

5). The optimization problem is now the following:

max
λ1,...,λn

Π =
nX
i=1

λi

µ
Pi(λi)−

di
μ− λ

¶
(5)

s.t. λ =
nX
i=1

λi < μ λi ≥ 0, i = 1, . . . , n

Variations of this model have been analyzed before. For example, Problem (5) is a

multi-customer type version of the profit center pricing problem in Mendelson (1985)

and a multi-customer type version of Problem (3.1) in Dewan and Mendelson (1990)

with V (λ1, ..., λn) =
Pn

i=1 λiPi(λi) and linear delay cost. Even though this pricing

problem does not have exactly the same structure as our original problem, the second

term of the objective function is the same. Thus the extreme solution that is always

optimal in our original problem might present itself in this pricing problem.

Let us give a numerical example that illustrates this phenomenon. We consider two

types of contracts defined as follows. We have P1(λ1) = 8−0.1λ21, P2(λ2) = 4−0.05λ22,
d1 = 3, d2 = 0.5, μ = 2. It is easy to show that the first order conditions give us

λ1 = 0.18 and λ2 = 1.21 with a profit of Π = 4.31. However, the optimal solution is in

fact an extreme type of a solutions with λ1 = 1.11, λ2 = 0 and a profit of Π = 5.00.

This is a considerable difference of 16%.

Observe that although only one of the two terms of the expression in parentheses

in Problem 5 depends on λ (and the other depends on each λi), the optimal solution to

the example above is similar to those obtained when the expression in the parentheses

depends only on λ. Hence, depending on the parameter values the impact of the λ-

term can dominate the other term. These intriguing results need to be explored in

further depth elsewhere including the underlying phenomenon, function nature and

the resulting structural results.
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3.2 Portfolio Model with Priorities

It might not always be realistic to serve the customers in the order the arrive. The

service facility might want to give priority to some of the customer types. In this

section we explore how a priority rule can alter the optimal strategy such that focusing

on one type of a contract might no longer be optimal. An M/M/1 queueing system

with priorities is considered and for tractability reasons, a model for a linear contract is

developed. As before, there are n types of contracts, where contract type i has arrival

rate λi and service rate μ. Let us define f as the priority discipline that is used. The

optimal portfolio selection problem is then the following:

max
λ1,...,λn,f

Π =
nX
i=1

λi (ri − di · E [Ti(λ1, . . . , λn, f)]) (6)

s.t.
nX
i=1

λi < μ, i = 1, ..., n λi ≥ 0, i = 1, . . . , n

Note that the distribution of the system time Ti(λ1, ..., λn, f) is now a function of the

arrival rates separately as well as the priority discipline, f .

Let us explore what type of priority rule is optimal for this problem. According

to Federgruen and Groenevelt (1988) the optimal priority rule, f , in the case of an

M/M/1 queueing system, for the problem

min
f

nX
i=1

λi · diE [Ti(λ1, . . . , λn, f)] (7)

is the static preemptive priority rule often called the cμ - rule. Since equal service

requirements are being considered, this optimal priority rule corresponds to giving

higher priority to the contract type with higher delay parameter, di, and allowing

preemption such that lower priority jobs leave the server when higher priority jobs

come in. Note that in (7), which Federgruen and Groenevelt solve, the optimal priority

rule for fixed arrival rates is being determined. However, in (6), the optimal arrival

rates are being determined. Using similar arguments as Mendelson and Whang (1990)
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we can show that the static preemptive priority rule, is also optimal for (6). Thus, the

static preemptive priority rule, with the highest priority to the contract type with the

highest di, is optimal for (6). Lemma 1 determines the structure of the profit function.

Lemma 1 The profit function Π in (6) is jointly concave in (λ1, ..., λn) in the feasible

region.

Since the profit function is jointly concave in (λ1, ..., λn), the first-order necessary

conditions are sufficient and the optimal solution could be an interior solution. Thus it

could be optimal to diversify the portfolio. Hence, it might be better to process some

of the lower priority contract types along with the highest priority one since that one is

not affected by the presence of lower priority contracts. The following theorem states

the interior solution and the necessary conditions for it to exist.

Theorem 3 If the following conditions are satisfied:

di > di+1, ri > ri+1, i = 1, . . . , n− 1

μ(r1 − r2) ≥ d1 − d2

(di−1 − di)/(ri−1 − ri) ≥ (di − di+1)/(ri − ri+1), i = 2, . . . , n− 1

(dn−1 − dn)/(rn−1 − rn) ≥ dn/rn

then the optimal solution to (6) is the interior solution:

λ∗1 =
√
μ

Ã
√
μ−

r
d1 − d2
r1 − r2

!

λ∗i =
√
μ

Ãs
di−1 − di
ri−1 − ri

−
s

di − di−1
ri − ri−1

!
, i = 2, . . . , n− 1

λ∗n =
√
μ

Ãs
dn−1 − dn
rn−1 − rn

−
r

dn
rn

!
.

As Theorem 3 indicates two types of conditions need to be satisfied in order to

have an interior solution. First of all if we do not have di > di+1 and ri > ri+1
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for i = 1, . . . , n − 1 then we can eliminate the contract types that are dominated by
others. To illustrate this further let us take an example of three types contracts with

d1 > d2 > d3 and r1 > r3 > r2. Then we can see that family 2 is dominated by family 3

since it has both lower potential payoff, r2 < r3, and is more sensitive to delay, d2 > d3.

Hence, we can safely remove family 2 out of our portfolio. The other type of conditions

in Proposition 3 ensures that the stationary point is within the feasible region of λ∗i ≥ 0,
i = 1, . . . , n. We will interpret those further for the corollary below. (It is not necessary

to include the condition
Pn

i=1 λ
∗
i < μ since it is equivalent to rn ≥ dn/μ, obtained by

adding the expression for λ∗i in Theorem 3, which is true because otherwise family n

is not even profitable if there is no congestion in the system.)

In order to focus on the core problem we present the following corollary that con-

siders the case of two types of contracts and determines the optimal product portfolio.

Furthermore, we interpret the conditions ensuring diversification. It is assumed that

d1 ≥ d2 and r1 ≥ r2, i.e., one family does not clearly dominate the other.

Corollary 1 The optimal solution to (6) for the case of two types of contracts with

d1 ≥ d2 and r1 ≥ r2, is the following:

i) if r1 − d1
μ
≥ r2 − d2

μ
and r1

d1
≤ r2

d2
then it is optimal to set

λ∗1 = μ−

s
μ(d1 − d2)

r1 − r2
and λ∗2 =

s
μ(d1 − d2)

r1 − r2
−
r

μd2
r2

ii) if r1 − d1
μ
≥ r2 − d2

μ
and r1

d1
≥ r2

d2
then it is optimal to set

λ∗1 = μ−
r

μd1
r1

and λ∗2 = 0

iii) if r1 − d1
μ
≤ r2 − d2

μ
then it is optimal to set

λ∗1 = 0 and λ∗2 = μ−
r

μd2
r2
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The conditions for the optimal portfolio for more than two types contracts can be

determined in a similar manner. We can see that even though a diversification could

be optimal in some cases it might not be at all times. Let us try to interpret the

conditions that ensure diversification. The condition r1 − d1
μ
≥ r2 − d2

μ
indicates that

contract type 1 dominates 2 when there is no congestion (no waiting time). However,

the condition r1
d1
≤ r2

d2
indicates that contract type 2 dominates 1 in terms of cost-

benefit ratio because ri is what the service facility benefits per contract type i per

time unit and di is what it loses. Hence, the conflict of these two measures drives the

diversification.

Note that in cases ii) and iii) of Corollary 1 it is optimal to focus on one type of a

contract. Hence, even though the service facility would be idle and the other contract

type demands service it would be denied and the server kept idle. This looks quite

puzzling knowing that a preemptive discipline is employed. One might think that the

additional contract would not hurt the main contract type because of the preemption.

This is indeed true. However, the second contract type is the reason for the idleness.

If that one is preempted often and thus delayed for too long its profit contribution can

become negative and the service facility is better off idling and waiting for the right

type of contract to come.

To illustrate the findings of Corollary 1, the solution space of the optimal product

portfolio is drawn in Figure 4. The space is determined by the delay parameters d1 and

d2. Furthermore, the figure indicates that when d1 is high compared to d2 it is optimal

to choose only contract 2 since the value of family 1 deteriorates too quickly (it can

even become negative). Then for certain values of d1 and d2 (the middle triangle in the

figure) a mix of the contract types is optimal, i.e., it is worth it to squeeze in family

2 whenever family 1 is not present. Finally, if d2 is high enough (though always less

than d1) it is optimal to choose only contract type 1. Hence, using priorities can lead

to diversification of the product portfolio but depending on the parameter values.

Figure 5 compares the preemptive priority discipline to the FCFS discipline (for

a two-contract portfolio with r1 = 4, d1 = 0.8, r2 = 2, and d2 = 0.1) for a range of

service rate values, μ. For a low service rate it does not improve the profit by using
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d1

d2 = r2 ·μ  

d1 = r1 ·μ 

- μ · (r1 - r2) 

d2 = d1 · r2/r1 

d2 

d2 = d1 - μ · (r1 - r2) 

1

1 & 2
2

d2 = d1 

Figure 4: Solution space with priority to family 1, d1 ≥ d2 and r1 ≥ r2.

priorities. However, as μ increases the priority rule performs better. Figure 4 shows

that by increasing μ the middle triangle increases, for which diversification is optimal.

However, for small μ the optimal solution can lie outside of the middle triangle for the

parameter values chosen. In that case it is not worth diversifying.

4 Capacity Management

Even though in the short run the capacity of the service facility is fixed, in the long-run

there could be possibilities of changing it. The capacity is one of the main determinant

of the optimal contract portfolio as we can see in the several examples in Table 1 that

we derived for the ranking index. Let us now consider the problem, for which we not

only optimize the product portfolio but also determine the optimal capacity level. We

assume that the service facility operates as an M/M/1 system. We first consider an

FCFS service policy then we explore priorities.
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Figure 5: The optimal profit in the case of FCFS and priority disciplines.

4.1 FCFS Service Discipline

As before, the total time spent in the service facility, Ti(λ1, . . . , λn, μ), has an exponen-

tial distribution with parameter μ−λ = μ−
Pn

i=1 λi, i.e., Ti(λ1, . . . , λn, μ)
D
= T (μ−λ),

where λ =
Pn

i=1 λi. We have emphasized in our notation the dependency on μ. The

problem is the same as in (2) with a capacity cost c(μ) added, which captures the

cost of guaranteeing a service rate μ. The optimal portfolio and capacity management

problem is the following:

max
λ1,...,λn,μ

Π =
nX
i=1

λiE [vi(T (μ− λ))]− c (μ) (8)

s.t. λ =
nX
i=1

λi < μ λi ≥ 0, i = 1, . . . , n

In order to determine the optimal acceptance rates λi, we know from the previous

sections that it is not necessarily optimal to set the marginal total profit with respect

to each type of arrival rate equal to zero. However, the nature of the arrival rate

and the service rate is quite different (see Fridgeirsdottir and Chiu (2004)) such that

one might think that setting the marginal total profit with respect to the service rate
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equal to zero could be sufficient. Nevertheless, it turns out that we have a nonconcave

structure with respect to the service rate, with similar characteristics as the one that

came up in previous sections with respect to the arrival rates. The following theorem

shows that if the profit function is concave nonincreasing and the capacity cost has an

nondecreasing economies-of-scale structure, i.e., the unit cost of capacity is decreasing,

then the objective function in (8) is not jointly concave in the decision variables and

the optimal solution is on the boundary. Note that the concave capacity cost includes

the linear one.

Theorem 4 If the profit function vi(t) in an M/M/1 system is concave nonincreasing

and the capacity cost is concave then the optimal solution of (8) is on the boundary.

Furthermore, it is optimal for the service facility to either do nothing or to expand its

capacity until any demand or capacity constraints are reached.

The result presented in Theorem 4 applies also to profit functions vi(t) that are not

concave but for which the term λiE[vi(T (μ− λ))] is concave. This is the case for an

exponential profit function. Stidham (1992) explores a pricing and capacity problem

for a single product that can be considered as a "pricing" version of our problem (in

the same sense as illustrated in the example in Section 3.1.3). He observes for that

problem that the first order conditions for the service rate do not necessarily lead to

the optimal solution.

In the case of a convex capacity cost, i.e., increasing unit cost of capacity, we do not

necessarily have this structure. Rather, it depends on the specific parametric values.

This is expected, since if the unit capacity cost rapidly increases it cannot be optimal

to expand the service facility until any demand or capacity constraints are reached.

However, note that when the capacity cost increases linearly, it is optimal to expand

(even though the revenue term is concave).

Next we give an example of a convex capacity cost. In this case it is not necessarily

optimal to expand the capacity rather we can determine the optimal capacity level.

23



Example 1 Quadratic capacity cost. Let us consider the case of an M/M/1 system

with one linear contract type and a capacity cost c(μ) = aμ2. The optimization problem

is the following:

max
λ,μ

Π = λr − λd

μ− λ
− aμ2 (9)

s.t. λ < μ λ ≥ 0, μ ≥ 0

We can easily show that if we fix μ and determine λ that maximizes the profit, λ∗(μ),

then λ∗(μ) = μ −
p
dμ/r. By analyzing Π(λ∗(μ), μ) we can see that it is a convex-

concave function. In addition, it can be shown that there are three potential stationary

points. Let us look at a specific numerical example with r = 2, d = 0.5, and a = 0.1.

We can see the convex-concave structure in Figure 6 and by numerically exploring the

stationary points we can determine the optimal solution μ∗ = 8.26 and λ = 6.82. Hence,

in this case there exists an optimal size of the service facility in terms of capacity and

it is not optimal to expand the capacity until any demand or capacity constraints are

reached as was the case for a concave and linear capacity cost.

While focusing on a risk neutral service facility, we have shown that when customer

requests are processed in the order they arrive and the capacity cost has an nondecreas-

ing economies-of-scale structure, a service facility with more capacity is more profitable

than one with less capacity, as long as we have enough demand. Hence, it is more prof-

itable to run a large size service facility. However, independent of the size of the service

facility, it is always the best strategy to focus on one contract type, when served in the

order they arrive.

4.2 Priority

Let us explore whether the capacity problem changes when introducing priorities. We

consider linear profit functions for tractability reasons. We will see in Theorem 5 that

the results are similar to the case when customers are served in the order they arrive.
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Figure 6: An example of quadratic capacity cost.

Theorem 5 For an M/M/1 system with priorities, a linear profit function and a con-

cave capacity cost, it is optimal to either do nothing or to expand its capacity until any

demand or capacity constraints are reached.

The theorem above tells us that the capacity problem is similar for priority and

nonpriority disciplines even though the portfolio problem was quite different for those

two cases.

This nonconcave property is not only important in the settings of our problem but

can also rise in other pricing and capacity problems as in Dewan and Mendelson (1990)

and Lederer and Li (1997).
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5 Conclusion

In this paper we presented portfolio and capacity management models for a service

facility that capture competition for resources. We first focused on the short-term

product portfolio selection problem where the capacity level cannot be changed. The

service facility is modeled as an M/G/1 queueing system with n types of service con-

tracts being requested by customers. Each type of contract indicates the payment of

the customer to the service facility as a function of the time it takes the service facility

to process the customer’s request. This relationship is captured with a profit function

that is decreasing with time spent in the service facility. The objective of the service

facility is to choose how much to process of the different types of contracts per time

unit in order to maximize the expected total profit rate.

For a service facility using an FCFS service discipline it is shown to be optimal

to specialize in one type of a contract. A ranking index, that indicates in which

type of customer it is optimal to specialize, is defined. A closed-form formula for a

ranking index is derived for several settings. Furthermore, the optimal arrival rate for

the chosen contract type is derived. The conclusion leading to the specialization is

based on a result derived in the paper. This result states that a specific functional

form (as defined in the paper) is not jointly concave even if its concave in each of its

variables. This functional form comes up frequently in queueing related problems but

its nonconcave structure is often overlooked in the literature.

If the service facility prioritizes between its customer types, instead of servicing

them using an FCFS service discipline, the results are different. In that case it might

be optimal to diversify the portfolio of customer types. However, in some cases it is

optimal to focus on one contract type even though it means that the service facility

will be idle.

The long-term product portfolio problem is also considered, in which the capacity

level can be adjusted. We focus on the M/M/1 queueing system for both FCFS and

priority disciplines. This problem has also some nonconcavity structure with respect

to the capacity of a similar nature as the short-run problem. This structure leads
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to the conclusion that if the capacity is concave or linear, it is optimal to expand

the operations of the service facility until either demand or capacity constraints are

reached.

Many of the results given in this paper for an M/M/1 system can be extended to

a system with multiple servers. For example all the results for the portfolio problem

with an FCFS discipline and equal service rates apply to multiple servers. Also the

capacity results can be extended to multiple servers with an FCFS discipline.

There are several other promising directions to explore and expand on the insights

obtained in this paper:

• While, in the current paper, we have considered only one type of revenue deteri-
oration with time for all the contract types, it would be interesting to consider a

mix of revenue deterioration types simultaneously, including specific mixes such

as linear and exponential.

• Exploring further managerial implications of the impact of the combinations/ranges
of parameter values on the extent of portfolio diversification, which was the orig-

inal problem posed to us by the executives. Computational insights led us to the

structural results of the current paper.

• Exploring the robustness of the one contract type solution, for different arrival
distributions

• Considering the portfolio problem in a Markowitz framework, where the portfolio
profit variance is minimized, subset to a specified expected profit level, would be

another approach or perspective on the problems being considered here.

Thus, this appears to be a promising topic, in incorporating operational delay

characteristics into portfolio models. Also, the structural insights of this paper may

well extend to a broader set of problems.
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Appendix

Proof of Theorem 1. Let us explore the 2× 2 principal minors, pij, of the Hessian
matrix of f(λ1, ..., λn). By definition (see Ecker and Kupferschmid (1988) p. 298) pij =
∂2f
∂λ2i
· ∂2f
∂λ2j
−
³

∂2f
∂λi∂λj

´2
. After some calculations we have that pij = −

¡
g0i(λ)− g0j(λ)

¢2 ≤ 0
∀i 6= j. Hence, in that case all the 2×2 principal minors are nonpositive. Now, accord-
ing to p. 297 - 298 in Ecker and Kupferschmid (1988) the Hessian of f(λ1, ..., λn) is

neither positive nor negative semidefinite. Furthermore, f(λ1, ..., λn) is neither concave

nor convex in (λ1, ..., λn) except if g0i(λ) = g0j(λ) ∀i 6= j.

Proof of Theorem 2. According to Ecker and Kupferschmid (1988) p. 296, if

a stationary point (λ1, ..., λn) is a minimizing point for a function, then the Hessian

taken at this point is positive semidefinite. Likewise if (λ1, ..., λn) is a maximizing

point then the Hessian taken at this point is negative semidefinite. Furthermore, all

local maximizers and minimizers on the interior of a feasible set are stationary points.

Since according to Theorem 1 the Hessian of Π is neither positive semidefinite nor

negative semidefinite, the optimal solution to (2) cannot be in the interior of the feasible

set but is rather a boundary solution. Therefore, one of the following constraints,

λi ≥ 0, i = 1, . . . , n, is binding, i.e., there exists j such that λ∗j = 0. This leads us

to an n− 1 product-family problem. This problem reduces again to an n− 2 product-
family problem, and so on. Finally, we end up with a 2 product-family problem, where

either λ∗i or λ
∗
j is zero. Hence, λi > 0 and λj = 0 for j = 1, ..., n and j 6= i and thus

one contract type is always preferred to the others.

Proof of Proposition 1. We know from Theorem 2 that it is optimal to choose

one contract type. To find out which one to pick we can compare the optimal profits

when one contract type is chosen and the others are set to zero, i.e., we would like

to compare Π∗i = maxλi
©
Π|λj=0,j 6=i

ª
for all i. Since Π is concave in each λi we know

that the first-order conditions are sufficient when λj = 0, j 6= i, and give us that

λ∗i = μ−
p
diμ/ri. By plugging that into Π|λj=0,j 6=i we get Π∗i = riμ− 2

√
ridiμ+ di =¡√

riμ−
√
di
¢2
. We define α(i) =

√
riμ−

√
di. Hence, by picking contract type i where

α(i) = maxj α(j) and by setting λ
∗
i = μ−

p
diμ/ri we will achieve the optimal solution
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to (3).

Until now we have assumed that the different contract types have the same expected

service time 1/μ. Next we generalize the results for a linear profit function in anM/M/1

system to incorporate unequal service rates. The structure of the objective function

is quite different from the case with equal service times and it cannot be written asPn
i λigi(λ) where λ =

Pn
i=1 λi. However, the structure of the optimal portfolio is very

similar as we will see in Theorem 6.

Theorem 6 The optimal portfolio for an M/M/1 system with linear contracts and

unequal service times:

max
λ1,...,λn

Π =
nX
i=1

λi

Ã
ri − di

ÃPn
k=1

λk
μ2k

1− ρ
+
1

μi

!!
(10)

s.t. ρ =
nX
i=1

λi
μi

< 1 λi ≥ 0, i = 1, . . . , n

has a boundary solution and is such that one contract type is always preferred to the

others, i.e., λ∗i > 0 and λ
∗
j = 0 for j = 1, ..., n, j 6= i.

Proof of Theorem 6. The formula for the expected number of each customer

type in the queue when there are two customer types is derived in Gross and Harris (1985)

p. 201. This formula can easily be extended to n customer types. Let us first explore

concavity in λi. After some algebra we have the second derivative:

∂2Π

∂λ2i
= −2

Ã
di +

1

μi(1− ρ)

nX
k=1

dkλk

!
·
Ã

1

μ2i (1− ρ)
+

1

μi(1− ρ)2

nX
k=1

λk
μ2k

!
≤ 0

Hence, the objective function is concave in each of the λis. The mixed derivative is:

∂2Π

∂λi∂λj
= −

Ã
di +

1

μi(1− ρ)

nX
k=1

dkλk

!
·
Ã

1

μ2j(1− ρ)
+

1

μj(1− ρ)2

nX
k=1

λk
μ2k

!

−
Ã
dj +

1

μj(1− ρ)

nX
k=1

dkλk

!
·
Ã

1

μ2i (1− ρ)
+

1

μi(1− ρ)2

nX
k=1

λk
μ2k

!
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Let us now determine the 2×2 principle minors, pij = ∂2Π
∂λ2i

∂2Π
∂λ2j
−
³

∂2Π
∂λi∂λj

´2
. After some

lengthy algebra we have:

pij = −

³
diμ

2
i − djμ

2
j +

P
k 6=i,j

λk
μ2k

¡
diμ

2
i (μj − μk)− djμ

2
j(μi − μk) + dkμ

2
k(μi − μj)

¢´2
μ2iμ

2
j(1− ρ)4

≤ 0

Since the 2 × 2 principle minors are not positive, the objective function is neither
concave nor convex. Hence, using the same arguments as in Theorem 2 we conclude

that the optimal solution is on the boundary and it is optimal choose one contract

type.

Proposition 2 It is optimal to choose the contract type with the highest index α(i) =
√
riμi −

√
di and set its arrival rate, λ∗i = μi −

p
diμi/ri.

Proof of Proposition 2. The proof has the same structure as the proof of

Proposition 1.

Proof of Lemma 1. We have Π =
Pn

i=1 λi (ri − di ·E [Ti(λ1, ..., λn)])
=
Pn

i=1 λiri −
Pn

i=1 di
ρi

(1−σi)(1−σi−1) , where σi =
Pi

j=1 ρj with ρj =
λj
μ
and σ0 = 0 (see

Gross and Harris (1985), p. 213). Hence, Π =
Pn

i=1 λiri −
Pn

i=1 di
h

1
(1−σi) −

1
1−σi−1

i
=Pn

i=1 λiri −
Pn

i=0(di − di+1)
1

(1−σi) where d0 = dn+1 = 0. The first term is linear and

thus concave in (λ1, ..., λn). Let us order the contract types such that d(i) ≥ d(i+1),

i.e., their order according to the optimal priority rule. Then each component of the

sum
Pn

i=0(d(i)− d(i+1))
1

(1−σ(i))
is convex increasing in σi, and σi is linear in (λ1, ..., λn).

A convex increasing function of a convex function is convex and the sum of convex

functions is convex. Thus −
Pn

i=0(di − di+1)
1

(1−σi) is concave in (λ1, ..., λn). Hence, Π

is concave in (λ1, ..., λn).

Proof of Theorem 3. From the proof of Lemma 1, Π =
Pn

i=1 λiri −
Pn

i=0(di −
di+1)

1
(1−σi) where d0 = dn+1 = 0, σi =

Pi
j=1 ρj with ρj = λj/μ and σ0 = 0. By using

the first-order conditions we can determine the stationary point, which satisfies the
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following n equations:

dΠ

dλj
=

∂Π

∂λj
+

nX
i=1

∂Π

∂σi

∂σi
∂λj

= 0, j = 1, . . . , n

which leads to

dΠ

dλj
= rj −

nX
i=1

di − di+1
(1− σi)2

∂σi
∂λj

= 0, j = 1, . . . , n

Note that
∂σk
∂λj

=

½ 1
μ

k ≥ j

0 k < j

Solving the first-order equations we get σj = 1−
q

dj−dj+1
μ(rj−rj+1) , j = 1, . . . , n with dn+1 =

rn+1 = 0. Knowing that σi =
Pi

j=1
λj
μ
, we can solve for the λ0is, which gives us

the desired result, λ∗1 =
√
μ
³√

μ−
q

d1−d2
r1−r2

´
, λ∗n =

√
μ
³q

dn−1−dn
rn−1−rn −

q
dn
rn

´
, λ∗i =

√
μ
³q

di−1−di
ri−1−ri −

q
di−di−1
ri−ri−1

´
, i = 2, . . . , n− 1.

Proof of Corollary 1. In case i) the conditions of Proposition 3 are satisfied and

the optimal solution is the interior solution formulated there. In case ii) the stationary

point is outside of the feasible region with λ2 < 0 and therefore λ
∗
2 = 0 and the optimal

rate of family 1 is the same as in Proposition 1. In case iii) the stationary point is

outside of the feasible region with λ1 < 0 and therefore λ
∗
1 = 0 and the optimal rate of

family 2 is the same as in Proposition 1.

Proof of Theorem 4. Let us first focus on the case where we have one contract

type with a profit function v(t).We would like to find out how much to choose of that

one and how much capacity to allocate. We set define g(μ− λ) = E[v(T (μ− λ))] and

write the objective function as Π = λg(μ−λ)−c (μ). The objective function is concave
in λ for a fixed μ according to Fridgeirsdottir and Chiu (2004) since v(t) is concave

nonincreasing. Similarly, it is concave in μ according to Weber (1983). Hence, in order

to ensure concavity we need the determinant of the Hessian to be positive. After some

simple calculations we have that the determinant is −c00(μ) ·(λg(μ− λ))00−(g0(μ−λ))2,
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which is negative because the capacity cost is concave and the second derivative of

λg(μ− λ) is negative according to Fridgeirsdottir and Chiu (2004). Now we have that

all principal minors are negative and can use the same arguments as in Theorem 1 to

conclude that the optimal solution to the one contract version of (8) is on the boundary.

Let us now understand the implication of this result. Since the objective function is

concave in λ we can use the first order conditions to determine the optimal arrival rate

for a fixed μ, denoted λ∗(μ), that then satisfies g(μ−λ∗(μ))−λ∗(μ) ·g0(μ−λ∗(μ)) = 0.
Let us explore the curvature of the objective function as we increase the capacity,

μ, and maximize the objective function w.r.t. λ for each value of μ. By differen-

tiating twice and using the first order conditions, we have that ∂2Π(λ∗(μ))
∂μ2

= g0(μ −
λ∗(μ)) · (1− ∂λ∗(μ)

∂μ
)− c00(μ). Using the implicit function theorem, we have that ∂λ∗(μ)

∂μ
=

− g0(μ−λ∗(μ))−λ∗(μ)·g00(μ−λ∗(μ))
−2g0(μ−λ∗(μ))+λ∗(μ)·g00(μ−λ∗(μ)) and thus

∂2Π(λ∗(μ))
∂μ2

= (g0(μ−λ∗(μ)))2
2g0(μ−λ∗(μ))−λ∗(μ)·g00(μ−λ∗(μ)) − c00(μ).

The first term is positive since (λg(μ− λ))00 ≤ 0, the second term is positive since

the capacity cost is concave. Hence, ∂2Π(λ∗(μ))
∂μ2

≥ 0. This means that the "ridge" of
the objective function, defined such that for each value of μ the objective function is

maximize, is convex. Consequently this function could: i) only decrease, in which case,

the best action is to do nothing, ii) decrease and then increase, in which case, the best

action is to expand the capacity as much as possible, iii) only increasing, in which case,

the best action is to expand the capacity as much as possible.

Hence, it is either optimal to do nothing or to expand the capacity until either

demand or capacity constraints are reached.

Let us expand this result to two or more contract types. From Theorem 2 we

saw that for each value of μ it is optimal to choose one contract type. Let us define a

function πi(μ) as the objective function Π with λi = λ∗i (μ) and λj = 0 ∀j 6= i. Hence we

are choosing one contract type to focus on and keeping track of the objective function

as we change μ and maximize λi for each μ. According to Theorem 2 it is optimal

to focus on contract type, thus, the optimal solution for (8) is the maximum of the

function f(μ) = max{π1(μ), . . . , πn(μ)}. From the one contract type case explored here
before we know that πi(μ) is convex in μ and thus f(μ) is convex as well. Therefore,

f(μ) either takes the highest value in μ = 0 or continues to increase as μ increases.
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Hence, we can conclude that the optimal solution to (8) is to either do nothing or to

expand the capacity of the service facility until any demand or capacity constraints are

reached.

Proof of Theorem 5. From the proof of Lemma 1 we have that Π =
Pn

i=1 λiri−Pn
i=0(di − di+1)

1
(1−σi) − c(μ) where d0 = dn+1 = 0, σi =

Pi
j=1 ρj with ρj =

λj
μ
and

σ0 = 0. From the proof of Proposition 3 we have that σ∗j = 1 −
q

dj−dj+1
μ(rj−rj+1) . Fur-

thermore, we have λ∗1 =
√
μ
³√

μ−
q

d1−d2
r1−r2

´
, λ∗n =

√
μ
³q

dn−1−dn
rn−1−rn −

q
dn
rn

´
, λ∗i =

√
μ
³q

di−1−di
ri−1−ri −

q
di−di−1
ri−ri−1

´
, i = 2, . . . , n − 1. By inserting these values into the n

equations defined by the first-order conditions (see proof of Proposition 3) we can

analyze how the optimal profit depends on μ:

Π∗(μ) =
nX
i=1

λ∗i ri −
nX
i=0

(di − di+1)
1

(1− σ∗i )
− c(μ)

= r1μ− r1
√
μβ1 + r2

√
μ(β1 − β2) + . . .+ rn

√
μ(βn−1 − βn)

+d1 −
√
μ

nX
i=1

1

βi
− c(μ)

= r1μ−
√
μβ1(r1 − r2)−

√
μβ2(r2 − r3)− . . .−√μβn−1(rn−1 − rn)−

√
μβnrn

−√μ
nX
i=1

1

βi
− c(μ)

where βi =
q

di−di+1
μ(ri−ri+1) . Since ri > ri+1, βi > 0 and c(μ) is concave, it is easy to see

that Π∗(μ) is convex in μ. Hence, it is either optimal to do nothing or increase capacity

until demand or capacity constraints are reached.
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